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Fourier Integrals for Practical Applications 

Abstract: The growing practical importance of transients and other non- 
periodic phenomena makes it desirable to sirnplify the application of the 
Fourier integral in particular problems of this kind and to extend the range of 
problems which can be solved by this method in closed form. To facilitate 
the use of the known closed form evaluations of Fourier integrals many of 
them have been compiled in Table I. Special attention has been given to 
including every limitation and every warning which may be necessary for the 
safe use of each integral. This required a rigorous checking of the evalua- 
tions of the integrals. A few Fourier series have been included in Table I 
and also certain contour and indefinite integrals. Applications of Fourier 
integrals to 85 transient problems are given in Table II. 


Introduction * 

T he Fourier integial and the Fourier series are alternative expres- 
sions of the Fourier theorem, the series being a limiting case of 
the integral and vice versa. Usually the theorem is approached 
from the side of the series, but there are also advantages in the approach 
from the integral side, v;hich is the method followed in this paper. 
The generality and importance of the theorem is well expressed by 
Kelvin and Tait who said: "... Fourier's Theorem, which is not 
only one of the most beautiful results of modern analysis, but may 
be said to furnish an indispensable instrument in the treatment of 
nearly every recondite question in modern physics. To mention only 
sonorous vibrations, the propagation of electric signals along a tele- 
graph wire, and the conduction of heat by the earth’s crust, as subjects 
in their generality intractable Avithout it, is to give but a feeble idea 
of its importance.” For any real understanding of the theorem it is 
necessary to appreciate why it is one of the most beautiful mathe- 
matical results and why it furnishes an indispensable instrument in 
physics. 

The Fourier integral is a most beautiful mathematical result because 

* A paper entitled "The Practical Application of the Fourier Integral" was pre- 
pared by us and presented by George A. Campbell, September 13, 1927, at the -Inter- 
national Congress of Telegraphy and Telephony in Commemoration of Volta. After 
revision this was published m the Bell i>yslcm Technical Journal, October, 1928, 
pages 639-707._ Both editions of this earlier paper are completely replaced by the 
present paper, in which has been incorporated practically all of the material in them, 
including the 183 pairs (integrals) in Parts 1-9 of Table I which bear a number 
having no decimal part. 1 his table now contains a total of 763 pairs. 
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of the economy of means employed in obtaining a most general result 
One form of integral is used bo»h to analyze and to synthesize 
In both cases it is the product of the arbitrary function and 
the elementary sinusoidal osallation which is integrated This 
achieses the mathematical counterpart of spectrum analysis and 
spectrum synthesis The functions resulting from analysis and 
synthesis stand in a mutually reciprocal relation ‘ They are paired 
with each other Either of these functions may be assigned with an 
astonishing degree of arbitrariness Singular cases being excepted the 
mate function is then determined uniquely and definitely by the 
integral While the sine cosine and oomplen ccponential are most 
commonly used as the elementary expansion functions an entire class 
of functions presents the same fundamental relations and finds appli* 
Cations in the more recondite problems 
The Fourier integral is an indispensable mstnimcnt in connection 
with physical systems in which cause and effect are linearly related 
(so that the pnneiple of superposition holds) because it gives at once 
an explicit formal solution of general problems in terms of the solution 
for the sinusoidal case which is often readily found This eiiphat 
general solution makes use of two Fourier integrals one for the spec 
trum anal}‘sis of the arbitrary cause and the other for the speetnita 
synthesis ol the component sinusoidal solutions hlo lurther con 
sideratson of the actual physical system is necessary after the e!e 
mentary sinusoidal solution has beM obtained This point of view 
has become a part of our general background of thought 
Uniortunately the actual evaluation of speafic Founer integrals in 
closed form presents formidable »f not insuperable difficulties Only 
a small number of distinct general integrals have been evaluated tr 
closed form in the century and more which has elapsed since the Founer 
integral discovery was announced Additions to the list of evaluated 
Fourier integrals can ordinarily be made only by the professional 
mathematician Unless the physicist or techniaan is in a position to 
evaluate Founer integrals by mechanical means or is satisfied to 
employ infinite senes or other infinite processes in place of the definite 
integrals he is usually entirely dependent upon the evaluations which 
the professional mathematiaan has made in the past or is able to 
make for his special use On this account it is often desirable to so 
formulate practical problems that only evaluated Founer Integra's 
wilt occur It w ould be well for the physiast and technician to become 
’"IT'e fundamental importance of the Founer integral may be assoaafed «th an 
analofy which eusta betuecn Iheiatesra] aiul the imasinary unit t>oth consdered 
as op^tors. In both cases two iterations of the operation merely change a sign 
and lour iterations completely restore the onjpnal function 



familiar with the Fourier integral evaluations which the professional 
mathematician has achieved. 

It is the purpose of this paper to take the first steps towards the 
preparation of two tables, one giving the evaluations of Fourier 
integrals and the other giving the sinusoidal solutions for physical 
systems. Together they would reduce the practical application, of 
the Fourier integral to the selection of three results from these two 
tables. Thus by means of the first table the arbitrary cause could be 
resolved into a sum of sinusoidal causes; by means of the second table 
the solutions for these sinusoidal causes could be supplied; and, 
finally, by means of the first table again, the effect of superposing 
these sinusoidal solutions could be shown, and thus the answer to the 
original problem would be given. 

The preparation of the tables calls primarily for a compilation of the 
results already obtained by pure analysis, after which new evaluations 
and new solutions should be added, in so far as is possible. No attempt 
has yet been made to completely cover the existing literature on the 
subject, which extends back over one hundred years and is extensive 
and widely scattered. But sufficient has been done to show that the 
forms of the tables which are proposed are most convenient for prac- 
tical application. 

Paired Coefficients— Terminology 

The Fourier integral theorem has been expressed in several slightly 
different forms to better adapt it for particular applications. It has 
been recognized, almost from the start, however, that the form * which 
best combines mathematical simplicity and complete generality makes- 
use of the exponential oscillating function More recently the 

overwhelming advantage of using this oscillating function in the 
discussion of sinusoidal oscillatory systems has been generally recog- 
nized. It is, therefore, plain that this oscillating function should be 
adopted as the basic oscillation for both of the proposed tables. A 
name for this oscillation, associating it with sines and cosines, rather 

*The form of the Fourier integral theorem referred to is: Subject to certain 
general restrictions, any function G(/) can be expressed as the double integral, 

ei2-n'-f)G(g)dg df. 

For tabulation purposes in Parts 1-9 of Table I this double integral is broken up into 

written at the head of Table I in pair (101) and pair 
(102) as follows: r v , 


5 



than with the real exponential function, seems desirable The abbre- 
viation CIS * for (cos * -f » sin ar) si^gests that we name this function 
a cisoidal oscvUation This term js tentatively employed in this 
paper The notation cis(2xfl) is also employed where it is desired 
to use an expression which is essentially one valued which avoids 
the use of exponentials or which suggests penodic oscillations by its 
connection with cosine and sine* 

In a tableof Founer integrals, every integral expression would then 
contain, m addition to the arbitrary function F(/), the same oscillat- 
ing function os(2x/0» same integral sign with limits — +05 

and the same differential df To repeat any such group of a dozen 
characters m each of several hundred entries seems quite unnecessary 
It IS, therefore, proposed merely to tabulate the arbitrary function 
Fif) and the value GO) for the evaluated integral expressed as a 
function of the time The table is thereby reduced to two parallel 
columns of associated functions one of which is employed as the 
coefficient of the elementary osoidal function while the other is 
a function of the independent time variable The table would, 
however, be more symmetrical if both of the associated functions 
could be regarded as coefficients of an elementary function This 
may be done by introducing the unit impube as an elementary fuoc 
tion the impulse occurring at the epoch g at which instant it presents 
a unit area whereas its value 1$ xero for all time before and all time 
after the epoch g This is an essentially singular function and to 
recognize this fact It will be designated bylhafi - g) whidl is intended 
to emphasize the singularity The time function may now be replaced 
in the table by the same function of the parameter g since the time 
function CO) is equal to the integral with respect to g between infinite 
limits of the product — g) 

The table of Founer integrals has now become also a table of paired 
coefficient functions This means that if the coefficient F(/) is etn 
ployed with the csoid and the coefliaent C(g) is cmploj'ed wath the 
unit impul e and both products are summed for the entire infinite 
range of tleir parameters / and g, the same identical resulting time 
function 13 obtained * Taken n connection with their respective ele 


’ Since the cisoidil osallilion is si—pty a cntl^rm roUlion »t unit distance about 
the ong n n the complex plane 1 nay Ik desirable to try tome compact notation 
which directly suggests th $ rotation (or example rutjl) t", iV* might be defined 
a» the complex cuanl ty obtained by ratattPE iKi y throug i U complete turns or 
4/1 quadrants. 

^The use of frequency and epoch as the two paran*tnc I’ansblea giv es us many 
forpyijj *her» if the radian frequen^ were erapIojeS an unsyrn 
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mentary functions, the two associated coefficient functions are, there- 
fore, equivalent, alternative ways of representing a particular time 
function. This geometrical or physical point of view makes it natural 
to work directly with coefficient pairs wthout introducing the over- 
worked integral sign in practical applications. For this reason, al- 
though the table has been headed a table of Fourier Integrals, it may 
equally well be considered to be a table of Paired Coefficients. 

There is another fundamental reason for placing both of the func- 
tions F(f) and G(g) on the same footing as coefficients. It is this: 
FouriensP fundamental discovery was that the two functions may be 
transposed in the Fourier integral if the sign of one of the parameters 
is reversed. Thus, either one of the two functions constituting any 
coefficient pair may be taken as the coefficient of the cisoidal oscilla- 
tion, provided only that the proper sign is given the epoch parameter 
occurring in the other function. For this reason also both functions 
are thus quite properly regarded as coefficients. 

It is found convenient to call each coefficient of a coefficient pair 
the mate of the other coefficient, pair and mate being employed just 
as in the case of gloves. To find the mate of a glove, it is necessary to 
know all about the given glove including the fact as to whether it is 
the right or the left one of the pair. In the same way, to find the mate 
of a coefficient function, it is necessary to know not only the form of the 
function, but, in addition, whether its variable is the frequency or the 
epoch. The notation 3IiG{g), SUF(f) will be employed to indicate 
the mate of the particular coefficient G{g), F(J). 

We have now defined and explained the proposed terminology for 
use in the practical application of the Fourier integral theorem. 
Before proceeding to practical applications, it is desirable to become 
familiar with these coefficient pairs considered in their own right. 
We may well begin by reminding the reader of the dissimilarity be- 
tween the elementary oscillations. 

The Two Elementary Functions Contrasted 

The dissimilarity between the two elementary functions of the 
time, the cisoidal oscillation cis(2r//) and the unit impulse ^o(( — g) 
is most striking. This is clearly shown by the wire models of Fig. 1 
where each function is depicted for five values of its parameter. For 
the value zero the cisoidal oscillation degenerates into an infinite 
straight line parallel to the time axis and cutting the real axis at 
X - 1. For the same value zero of its parameter g, the unit impulse is 
zero evcrjnvhere except at the origin where it has a vanishingly narrow 
loop extending to a* = -{-<» . 
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For other values of the parameter, the cisoidal oscillation is always 
an infinite cylindrical helix, centered on the time axis, and passing 
through the point * <“ 1, while the infinite loop of the impulse 
function IS displaced unchanged along the time axis to < = g For 
positive values of the parameter/, the cisoidal oscillation is a right* 
handed helK with pitch equal to/ Sandthusdecreasmgas/increases 
For negative values of /, the pitch is the same but the helix is left- 
jianded 




S— I S— J 9-0 



r»f 1— Wire modelJottisoidalOTtiJlalKais era (2i^> (above) and ol ■UTirtitnfralses 
~t) (tielow) fortheparttcutarvaloesO ±1/2 ±3/2 of theparaRieters/and{ 
a pairs (6Qi) (982) 


Both functions have essential suigutanties, which are quite dif- 
ferent both in character and in location For the cisoidal oscillation 
the singularity is always located at / =* ± « , for the impulse the 
singularity ts at f = g 

The fundamental differences between the two elementary tune 
functions adapt them for different uses It is desirable to be m a 
position to employ first one and then the other, shifting from one to 
the other without any trouble or delay, so that at each step of a 



problem the elementary function best suited for use may be employed. 
For this we require only an adequate table of pairs and a certain 
familiarity in the use of the pairs. It is desirable to acquire the habit 
of thinking of the coefficients of a pair as alternative representations 
of a curve. 

The Use of Table I for Obtaining Fourier Integrals 

The listed Fourier integrals are for the complex exponential 
but the integral sign and the exponential have been omitted to make 
the table more compact. Thus only two coefficients F{f) and G{g) 
appear in the table opposite a serial number for the pair. The integral 
sign and the exponential may be restored in connection with either 
coefficient, thus giving for each pair in Parts 1-9 the two Fourier 
integrals: 

r“F(/)c«^M= Gig), 

V — 03 

F(/)= r G(g)e~*-^^<'dg. 

From the table, the following sine and cosine Fourier integrals may 
also bo written down at once: 

f G(g)cos(2jr/g)dg = f [G(g) + G(- g)]cos(27r/g)dg 

c/— eo t/0 

f Gig)s\ni2irfg)dg = f [C(g) - G(- g)3sin(27r/g)dg 

iZ—oo I/O 

= - F(-m 

r Fif)cosi27rfg)df = r CF(f) + F(- /)]cos(2,r/g)d/ 

V— to Jo 

= KGig) + G(- g)], 

f F(/)sin(2;r/g)d/= r[F(f) - F(-f)3sin(27rfg)df 

= - ^'iCGCg) - G(- g)3. 

As explained above, it is most convenient to regard the table of 
Fourier integrals as a table of paired coefficients, and in the subsequent 
detailed description of the table this point of view will be maintained. 

Summary of Table I 

The table is divided into thirteen parts. The discussion that follows 
refers primarily to the first nine parts of the table. Parts 10-13 are 

9 



discussed later in separate sections In Part 1 are given the general 
processes for deriving any coeiHaent mate but such processes are to 
be employed only when it is necessary to start from first principles 
All mates which have once been deterimned may be taken from the 
latter sections of the table with a great saving of time and energy 
Part 2 of the table shows the elementary transformations and com 
binations of pairs these theorems may be employed either to extend 
a given table of coefficient pairs or to cover a given group of coeffi 
c mts with a shorter table of specific pairs p- is assumed that anyone 
desiring to make serious use of tne table will first become faimliar 
with these elementary combinatiors and transformations even the 
simple addition factor and transposition theorems (201) (205) (217) 
are most useful 

Part 3 of the tabic contains fif een pairs which are called key pairs 
because all specific pairs listed in Parts 4-9 of th* table may be derived 
from them by specialization or by passing to a lim t after any necessary 
use has been made of only such elementary combinations and trans* 
formations of Part 2 as do not call for the evalu^'t on of an integration 
If all the pairs of Part 2 were employed the key 1 s> could be reduced 
to a single pair since any coefficient can in general be expressed as 
an integral involving any other sp-cified cceffic crt Tne )cey pairs are 
listed m Part 3 with indications of vhe “umbers assign'd to them m the 
subsequent parts of the table but without repetition of the complete 
necessary and sulfiaent restnctions on the pa amete“s involved For 
these restrictions reference must be made to the complete listings of 
the key pairs ui their proper num“ncat order in Parts 4-9 of the table. 

For applicational purposes it is most de<irable to have a table 
which lists the precise pair required many special cases which have 
been used in practical applications may be found in Parts 4-9 of 
Table I which constitute a short classified list of particular cases 
It IS important to remember that a given coefficient should be looked 
for on the other side of the table if it is not found on its own side since 
all pairs are transposable by (217) or (218) In the tables as they 
stand some pairs hare been transposed but this is not true in the 
majority of cases 

'Whenever an infinite process is to be employed such as infimtc 
*enes integration or differentiation the permissibility of the process 
IS a question which must be answered for the particular case m hand, 
the formal result given in Table I may break down for example if 
either the original or the transfoimed pair js a s ngular pair This 
general warning necessarily applies to every part of the subject of 
coeffiaent pairs because it is a part of the general subject of mathe- 
matical analysis 

Vi 



It is intended that the statement of each pair in the table shall 
include the necessary and sufficient restrictions on all of its parameters 
to make the pair valid. First each letter is restricted to a definite 
domain, as listed in the table of notation; it is understood that this 
domain is applicable unless specifically modified. The symbol El 
marks cases where this domain may be extended beyond that defined 
by the standardized notation. The symbol IS marks cases where this 
domain must be further restricted. Among the special cases listed 
under a pair, some are valid for the same domains of all the parameters 
as those of the pair; these cases are designated by S). Some admit 
extensions of the domains of some of the parameters; these cases are 
marked with E. Some require further restrictions on the domains 
of some of the parameters; these are marked with E. The necessary 
and sufficient restrictions on the parameters to give a valid pair in 
these E and E cases are found in the table under these particular pairs, 
and these restrictions are not included in the E and 0 conditions 
listed under the original pair. Singular pairs obtained as limiting 
cases of regular pairs are designated by B. Such limit pairs are listed 
in the table, but it is to be understood that these pairs are not obtained 
directly by integration, but that they are the limit approached by 
regular pairs. The method of approach is shown in every case for the 
F{f) function. 

In the actual work of deriving the special case where a parameter X 
assumes the value Xo both coefficients have been multiplied by such a 
function of X, and the approach of X to Xo has been restricted to such 
a path, as will make both coefficients approach definite limits, neither 
zero nor infinite. Substitutions in the remaining parameters have 
sometimes been necessary to secure a valid pair upon taking the limit, 
and in particular to secure the individual pair referred to by number. 

HaA'ing now explained, in a general way, the use of Table I, it will 
be useful to consider in detail a limited number of the pairs which 
are of special practical interest. 

General Processes for Deriving the Mate 

The table is naturally headed by the fundamental Fourier integral 
(101) because of its intrinsic importance as the explicit definition of 
coefficient mates. Pair (102) is then the e.\pression of the Fourier 
integral theorem; it is thus of importance as the implicit definition of 
coefficient mates. The chief purpose of the table, however, is to 
make it possible for the technical man to make the fullest use of 
coefficient pairs without concerning himself at all as to the analytical 
work of evaluating either of these Fourier integrals. Pairs (101) and 
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(102) are thus intended to serve mainly as definitions for the pairs 
which follow in Parts 1-9 

The statement has been made that essentially only one Fourier 
integral has been evaluated by determining the indefinite integral 
and substituting the integration Itnuts Whether or not this is pre 
cisely true the statement does illustrate the fact that the formulation 
of the Fourier integral does not in itself suggest a practical fimte ana 
lytical process for the actual evaluation of the definite integral No 
such system of evaluating definite integrals is known Writing down 
the Founer integral amounts to litde more than definitely formulating 
a question 

If the coefficient F(f) is expanded as a finite or infinite senes m 
powers of/ (or p) the matt is given by pair (106) and this involves 
a finite or infinite senes of essentially singular functions which are 
further considered below m connectioR with Fig 2 If a senes 
expansion of F(J) is made in terms of any functions of / for which 
the mates are known there is a corresponding senes for the mate. 
Some of these pairs are shown as (104) (112) The possibility of the 
formal infinite expansion does not necessarily imply the convergence 
of the senes m the case of coefficient pairs any more than m other 
general developments 

The technical man is not ordinarily a master of infinite senes, 
definite lategtals or other mfiiute processes It is therefore highly 
desirable to give him coefficient pairs which are in closed form that is 
mvolve only a finite number of operations with known functions. 
Accordingly the portion of the table expressible in closed form has 
seemed to be the part which should be developed first Specific pairs 
requiring infinite senes for the expression of their coefficients have 
not been included in this revision of Table I A few Founer senes, 
however are listed in Part IP 

Tbe Eleuentasy Transforuations of CoEFnciENT Pairs 

The simple addition theorem (201) is of the greatest practical im 
pOTtance The summation may include any number of pairs they 
maybe quite unrelated or they may be the successive terms of power 
expansions as shown in (106) (IH) Next to the addition theorem 
we may place the multiplication theorem (202) or (203) special cases of 
which are of great practical unportance Among these special cases 
are (206) (211) where any coefficient is multiplied or divided by its 
parameter or by a cisoidal osoMatioa of its parameter 

Any real linear substitution for the frequency and epoch parameters 
IS made possible by the simple transformations (205)-(207) (214) 
12 



The differentiation and integration of coefficients with respect to 
the freQuencyi epoch or other parameter give the important trans* 
formations (208)-(213). 

Some of the simple transformations continue to yield new results 
when they are repeated any number of times or when several trans- 
formations are combined in sequence. Pairs (216), (218)-(222) are 
examples of such combinations. 

The resolution of pairs into the four types of ^’’-multiple pairs, as 
shown by pairs (223)-(225), throws considerable light on the nature 
of coefficient pairs. 

Some of the elementary properties of pairs are expressed in words 
as follows: 

Elementary Properties of Pairs 

(1) The sum or difference of pairs is a pair. Cf. pair (201). 

(2) Any constant multiple of a pair is also a pair. Cf. pair (204). 

(3) Any linear combination of pairs is also a pair. Cf. pairs (201), 
(204). 

(4) The odd and even parts of every pair are also pairs.^“ 

(5) If both coefficients of a pair are real, both are even. 

(6) If a pair has one real and one pure imaginary coefficient, both 
are odd. 

(7) If a coefficient is even and real, its mate is also even and real. 

(8) If a coefficient is odd and real, its mate is odd and pure imagi- 
nary, and vice versa. 

(9) If a coefficient is real, its mate has conjugate values for opposite 
values of its parameter and conversely. Cf. pair (216). 

(10) The conjugates of the coefficients of a pair are also a pair pro- 
vided the sign of either frequency / or epoch g is reversed. Cf. pair 
(215). 

(11) A pair with the signs of both frequency/ and epoch g reversed 
is also a pair. Cf. pair (214). 

(12) The parameter of either coefficient may be multiplied by a 
positive real constant provided the other parameter and coefficient are 
each divided by the same constant. Cf. pair (205). 

(13) Coefficients of a pair may be interchanged if, when interchang- 
ing the parameters, the sign of one parameter, either/ or g, is reversed. 
Cf. pair (217). 

(14) Any pair may be resolved uniquely into the sum of four pairs 
by pairing together: the even, real parts; the even, imaginary parts; 
the odd, real part of. each coefficient with the odd, imaginary part of 
the other coefficient. 
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(15) A pair may have the form (fV)» (s))* where the muitjphef 

X IS constant if and only tf X has ooe of the four unit values (1, t, 
— 1, — ») Such a pair is catted an »“ multiple pair Cf pair (223) 

(16) Any t* multiple pair has both coeiHcients odd or even according 
as n IS odd or even 

(17) Any** multiple pair with complex coefficients may be resolved 
into two «* multiple pairs with oxfficients which are real or pure 
imaginary 

(18) The coeffiaents of any two »• multiple pairs are orthogonal i! 
the *“ multipliers are different. 

(19) The coefficienls of any four »* multiple pairs with different »* 
multipliers are linearly independent 

(20) Any pair may be resolved uniqurfy into the sum of four »*- 
multiple pairs \ e pairs of the form f.(/) i*^'.(f) Cf pair (224) 

(21) Any pau: may be resolved uiuqucly into the sum of eight *•- 
multiple pairs where F^(J) is real or pure tmaginaiy Cf pair (225). 

Paibs Based ov thb Norual Eraox Law 

The identical pair (.70S t), exp(— »/*)» «p(~ «£*). is one of the 
simplest pairs and may welt serve as the starting point in the con* 
sideration of specific coefficient pairs Eadi coefficient is the impulse 
of the normal error law ft is remarkable that identical coeffiaents 
of this simple form should produce the same identical function when 
associated with either the osoidal oscillation or the very different unit 
impulse 

If the differential transformation (222). taking the upper sgns, is 
applied to the normal error law pair (705 1) expressed in the alternative 
form (704 0), the inhniCe series of pairs (702) is obtained Of these 
derived pairs the first nine are written out as pairs (704 1)-(7W 9) 
The osoidal coefficients are alternately even and odd functions which 
osollate in the neighborhood of the ongin, each successive coeffiaent 
having an added half osolUtion The ♦. pair has {n + 1) half osalla- 
tions Beyond these osallattons every coeffiaent in the infinite 
sequence decreases rapidly and asymptotically to tero m both direc- 
tions The mates of these cisoidal coefficients are identically the 
same except for a constant coeffiaent which is t* and thus goes 
cyclically through the four values, J, *, — 1, — t 

The ^.(x) funepons are shown by Fig 2 They are essentially the 
parabolic cylinder funcPons of order n These coefficients may be 
used for the expansion of every function which, with its first two deriva- 
tives, IS conpnuous for all positive and negative values of the variable 
and for which a certain integral exists This expansion known as 
the Gram Charlier senes, appcais in pair (112) 



J -L. 
-2 -1 









Pi,. •'iy-a'afer “■"•“■ 

<?■»(*) = exp(a--x*)£’i"exp( 2..X ). 
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Starting again •with the ne^ma} law tJl error pair 1705 1) in the form 
(710 0) and setting p “ Ji8/r and applying the different al transforma 
turn (208) repeatedly, we obtain the infinite sequence of pairs (707 0) 
of wludi the first five are listed as p^rs (708 0) (708 4) Theasoidat 
toeffioents are the successive integral powers of p muUiphed by the 
normal error exponential The impulse coefficients are essentially the 
^ functions multiplied by the nonnal error exponentials These pairs 
are plotted in Fig 3 for the special case = a’ = 1 
Both of the infinite senes of pairs derived from the error function 
and shown in Figs 2and3areregularthroughout are nowhere infinite 
and vanish at infinity Many other senes of pairs might be built up 
from the error function pair In the table the identical pairs (706 1)- 
(706 6) have been included these are of interest in that the polynomial 
multipl ers are all perfect squares These coefficients may be ex* 
pressed as linear combinations of the functions 
The X, functions of pairs (706 7)-(706 74) constitute another set of 
functions which are linear combinations of the even functions 

^.-4 


EssENT!AU.Y SlNCVLAR PAIRS FOR InTDSRAL POWEM OP THS 
Paraustrr 


If ui Fig 3 With the value of n held fixed, we allow a to approach the 
limit 0 the cisoidal coefficient becomes p* and the impulse ecefficient 
which IS compressed hariaontally towards the origin and expanded 
vertically with corresponding areas increasing as a*^, ultimately 
vanishes everywhere except at theongm where it acquires an essential 
osollating Singular point At the liimt then a singular pair is ob* 
tamed it will be designated as p*, S>m(g) S>.(g) is characterized by 
having all of its moments about the ongm vanish except the nth 
moment, which w equal to (— l)*n* "nie dotted graphs on the left of 
Fig 3 show p* to the scales indicated The curves on the right show 
£’i>(g) provided we assume that the horizontal scale is increased with a 
and the vertical scale increased inversely with as a approaches the 
limit 0 Fig 3 thus serves to picture the essentially singular function 
That is it IS sufficient if the coefficient maintains Ais form 
while proceeding to the limit This form is however, not essenPal * 
It is apparently necessary only that the method of approach to the 
limit give the same set of momeiits 
An alternative way of deriving the mate for the positive integral 
powers p* is by means of a linear combination of (n + 1) pairs of the 


• A qis te <i fftresvt trtwnwni of » 
W £. Sumpner Impulse tunctwos 



Fig. 3— Graphs for the family of pairs p* e.xp(— xaV*), exp(— xgyo’). 

The heavy curves show the cases a = I, » = 0, I, 2, 3, 4; the dotted curves on the 
kit are for the same values of n but for the limit o -*• 0. On the right the curves 
apply for any v’alue of o if the horizontal and vertical scales are multiplied by a and 
0-s-J respectively. Cf. pairs (401.1)-(404.1), (708.0)-(708.4). 






form of (<503) wttH parameteis equal to a, 2a $a •, (n + l)o, 
respectively, so that the first term m the power senes expansion of the 
cisoidal coefficient is p‘ The correspond ng impulse coefficient is a 
succession of (« + 1) bands each of width a, the first band beginning 
at epoch zero the heights of the successive bands being equal to the 
binomial coefficients for power n dmded by but alternately posi* 
tive and negative The «th moment of this impulse coefficient is 0 
for « < « equal to (— !)•»' for m = », and proportional to o" • 
for « > n Upon allowing c to approach zero the cvsoidal coefficient 
approaches P", and the impulse coefficient approaches S’nU) since in 
the limit the same set of moments is obtained as was found above to 
charactente the nth singularity function This is pair (402) 

The special cases for n * 0 1 art of most frequent occurrence 
'Diey are pairs (403 1) (404 1) is the unit impulse since its 0th 
moment equals unity, S>i is the doublet with the moment — 1 since 
its first moment is -- 1 fei and all higher order singular functions 
are induded in the senes coefficients of (104) (106) 

Fig 3 may be extended upward step by step from the normal error 
law pavt by divuding by p on the left and uitegtating with respect to g 
on th« right At each step a constant of integration » introduced 
Thefirsttwopairs thus obtained are pairs (725 1) and (726 1) Choos 
ing the integration constants so as to mahe the impulse coefficients 
aUernately odd and even these two pairs art as shown in Fig 4 If 
we sow allow a to approadi the limit zero a new senes of pairs is 
obtained of which the first tno pairs are shown dotted m Fig 4 for 
the particular choice of integration omstants there made The general 
hmiting pair is designated as p * and it is shown as pair (410) 

In some ways it is simpler to derive the limiting pair for negative in 
tegral powers of p from raPonal functions of p w hich may be accomp* 
lished as shown by pair (411 1) Special cases arc shown by pairs 
(4081), (415) (416) 

The first of the senes is a unit step at epoch 0 from a constant 

value X — i for all negative epochs to the constant value X + J for all 
positive epochs The constant X may have any value , this is a singu- 
lar case marked by the failure of the general rule that the choice of the 
cisoidal coefficient uniquely determines the impulse coefficient This 
means that in any w ell set problem some other condition determines the 
value of the constant X In some problems forexample it is necessary 
that the epoch coefficient be an odd function and then X vanishes In 
other problems where either the epoch function must be zero for all 
negative epochs or on the other hand the p occurring in the cisoidal 
coefficient is actually the limit of ^ + a as o approaches zero through 
18 



positive values, the constant X equals This limiting condition may 
arise if we assume that resistance may be ignored, as a first approxima- 
tion, in studying actual systems which necessarily involve at least a 
small amount of dissipation. 




•“ I 





Fig. 4 — Graphs for the family of pairs /)"*exp(— xolP), o">Z),"*exp_(— Tg’/a*), 
with the integration constants chosen so as to make the impulse coefficients alter- 
nately odd and even. The heavy curves show the cases o = 1, fc = 1, 2; the dotted 
curves show the limit o -*■ 0, i = I, 2. Cf. pairs (410), (415), (416), (725.1), 726.1), 


The mates of positive and negative integral powers of p, including 
the zero power, cannot be derived directly and definitely from the 
Fourier integral (101) without the specification of an additional 
passage to a limit. Such pairs therefore differ essentially from the 
great body of regular pairs where the choice of one coefficient com- 
pletely determines the mate. These pairs may be thought of as lying 
on the periphery of the great domain which includes the totality of 
regular pairs. 

Identical Mates and Other Simply Related Mates 

Since one of the coefficients of a pair may be assigned quite arbi- 
trarily, this choice allows us, if we so elect, to specify some relation 
between the t\vo coefficients of a pair. We might specify that a linear 
combination XF,(s;) + pG,(.v) of the two coefficients of a pair both 
taken with the parameter x is to equal an arbitrary function F(x). 
The pair (F,-, G,) is then uniquely determined, unless X -f- i’'n = 0, 
being equal to pair (224) after each Fn has been divided by X + t"|i. 
Again if it is specified that one coefficient is to be the reciprocal of the 
other, a possible solution is pair (760). 
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The cond tion that the mates shall be identically the same function 
of the TpaTametncvanaUes/andf IS ©facial interest* In addition 
to the identical pa rs shown onFg 2 »»0 4 8 the table contains 
a number of identical pairs mdtiding (523) (623) (706 1) (706 6), 
(76I),(9I6) (9163) (92385) (966 25) 



FiS S-'ldeni c»l emlRc ent pa r* ol (he Idrin 
(1 +«y«’) »X|(7»r*VT+77?)/K,U.^) X -/or/ 

CJ pa « (916) (7ttt I) ($23) 

The identical pair (916) divided by its value at the origin is shown 
in Fig 5 for d ffcrent real values of its parameter p For p ■» + ®i 
the curve is of the exp(— »**) or normal law of error form and is 
identical pair (70S 1) For p i the reciprocal hyperbolic cosine 
identical pair (625) is shown correctly within the width of the line 
this being apparently a mere coincidence since pair (916) does not 
include it as a special case Finally for p = 0 the limiting curve 
coincides with the horuontal axis taken together with unit length of 
the positive vertical asis This represents pair (523) divided by its 
value at the origin which is infinite The po nt to be especially noted 
IS that the area under every curve of the family illustrated by Fig 5 
is the same and equal to unity This must hold for the limit p =» 0 
when the cuive encloses no area withm a finite distance of the origin 
* tdent cal pi m are closrty related 10 tmirt ons uh ch are self rec procal m the 
Four ec cosine Iransforra Such (untt on* have been Uealed by \V N Ba ley, 
Soine classes of funecona skhich aip ihec ovm rec procals in the Fourec Bessel 
inlegral transform Jour Zondoi Ualk Soc S 238 265 (Oct 1930) also O H 
Hardy and E C Ttefinarsh Seff icc procat functons Quart Joir ifalli 
(Ox/erd) \ J98 231 (Oct 1930) 
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The identical pair I/j"*, If |~i is of great simplicity and it occupies 
a central position among algebraic pairs. Starting with the minus 
one-half power of the parameters in both coefficients, any increase in 
the power of one parameter requires an equal decrease in the power of 
the other parameter as is illustrated, for e.xample, by pairs (502), 
(516), (524). The identical pair (916.3) is of considerable interest in 
that both coefficients are identically zero for all values of / or f less 
in absolute value than the arbitrary parameter r. The identical pair 
(761) is shown in Fig. 6, and the reversed pair (762) in Fig. 7, 



Fig. 6 — Coefficient cos — i)] of identical pair (761), * = /or g. 



Fig. 7 — Coefficient sin — i)3 of reversed pair (762), x = / or g. 


It is not permissible to specify any relation whatsoever between 
the two coefficients of a pair; for example, no pair exists for which one 
coefficient is twice the other. As stated above, the only multiples 
permissible are the four units 1, i, — 1, — i. For each of these four 
cases there are an infinite number of solutions. These solutions 
satisfy the integral equations given in the foot-note to pair (223). 

Fourier Series 

Fourier series appear in Part 10 of Table I as limits of Fourier 
integrals. The G{g) coefficient is taken periodic with the period 27r. 
The F{f) coefficient limit is then zero everywhere except at the equi- 
spaced points corresponding to Ixf = p/i = v = 0, ±1, ±2, • • • 
where it may have so approached infinite limits as to cover finite areas. 
These areas are given in the F(/) column. The general e.\pression 
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for the areas is usually preceded by specific values for c « 0, 1, 2, • • • 
which illustrate the genera! expression, in some cases the first few 
specific values do rot agree with the ^neml expression and replace it 
When non vanishing finite areas do not occw for negative values of p, 
the fact IS emphasiied by rejdacing the parameter v by n Multiplying 
the area at the point corresponding to t> by «**' and adding all terms 
gives the Fourier senes so that the areas serve as ari abbreviated 
expression for the series 

Cosine and sine senes are obtained by erjuating the real and imagi- 
nary parts of the senes and of (Tff) This partition is not earned out 
on the /(/) side in the table, but only on the ff(g) side Another 
simple partition of the senes is into its odd and even terms, the 
partition o(C(g) into its odd and even pacts is shown, also the partition 
of these odd and even parts into Ihcic rc^ and imaginary parts To 
visualize the general case of this type of partitioning, we may think 
of the senes as arranged in a rectangular array of k rows with the first 
k terms of the senes (v =» 0 1, 2, , * - 1) in the first column of 

the array, beginning at the top. the nett k terms m the second column, 
and so on indefinitely Opposite the k rows are placed the corre- 
sponding partitionings of C(g) as given by Simpson s method Then 
the senes m any row taken alone is equal to the part of the Ct(g) 
function tn the same row Each Founer senes thus obtained may be 
broken up into cosine and sine senes by equating real and imaginary 
parts In the table, the areas occurring in the F(/) column have not 
been placed m arrays with two, three, four, etc rows because such 
arrays are easily visualized, but the corresponding partitioning of 
(7(g) has been carried out. successive terms being given in sequence 
although not always on separate lines !n some cases each term is 
divided into its real and imaginary parts When this has been done, 
the imaginary part follows the real part and it begins with the imagi- 
nary symbol i 

Only a few Founer senes have been listed, merely enough to make a 
tnal of this method of giving important partitionings of C(f) in place 
of listing these related senes separately 

Contour Inteciials 

The first nine parts of Table I arc concerned exclusively with 
integration along the entire real axis of /, and these integrals occupy a 
preferred position because they may be transposed by the simple 
Founer transposition of pair (217) In the synthesis of complex 
exponentials, there is, however, no necessity for restriction to the real 
axis and for certain practical applications, contour integrations m the 
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complex / plane may present distinct advantages. For this reason, 
Table I has been extended tentatively to include a few contour 
integrals. The contour integrals which have been assembled for this 
purpose are divided into three groups, according as the path of integra- 
tion in the / plane is a parallel to the real axis, a closed contour, or a 
path with arbitrary end points. 

Part 11 may be regarded as a tabulation of Bromwich’s generalized 
Fourier integrals, where the path of integration in the / plane is a 
straight line parallel to and at the distance x/ilr) below the real axis, 
with all singularities of the integrand, regarded as the function of /, 
lying above this path. In every case, however, such an integral can 
be reduced to the Fourier integral of the earlier parts of Table I by 
the relation ; 


fl/( 2 jr) ^00 / \ 

f Fi ( / - £ ) 


There is complete equivalence, therefore, between a pair Fi(/), (ji(g) 


in Part 11 and a pair Fi^f Parts 1-9. If it is 


permissible to take x = 0, then for this special case the two expressions 
for the pair become identical. Under each pair in Part 11, the corre- 
sponding pair of an earlier Part is listed opposite the E] symbol. 

Part 12 contains contour integrals along a closed path, finite 
or infinite. The parameters are unrestricted, although when the 
contour extends to infinity, it may be necessary to consider more than 
one asymptotic direction in order to obtain all sectors in the G plane. 
By elementary transformations and combinations (not involving any 
integrations) all pairs of Parts 11 and 12 can be obtained from the 
four pairs (1264)-(I267). The Fourier integral transformation the- 
orem, pair (217), does not apply to these contour pairs generally and 
the special information required for transposition is not listed in the 
table. Since the parameters are unrestricted, closed contour integrals 
present special advantages and a more complete tabulation is desirable. 

Part 13 gives a few indefinite integrals which may be used with 
any arbitrarily assigned upper and lower limit points for the path of 
integration — provided due regard is paid to the singular points. In 
this part of the table, / and g are unrestricted complex variables. The 
functional relations (1301)-(1307) may be used to build up other 
indefinite integrals from those tabulated, and the following pairs of 
Part 2 are also applicable: (201), (204), (208), (210), (212) and (213). 
The transposition theorem, pair (217), does not apply directly. Using 
only the elementary transformations and combinations which do not 


require integration, the specific integrals of this part can all be obtained 
from the three pairs (1312), (1317) and (1320). 
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pRAcncAt- Afplicaiions of Coefficient Pairs 
Fourier gave the first comprehensive method of finding the solution 
for transients His method involves three steps V12 , 

I Spectrum analysis of the cause among all frequenaes 
II Solution for all frequencies 
HI Spectrum synthes s of the effects for all frequencies 
Fourier thus substituted three problems for one With a table of 
Founer coefficient pairs these three steps nuy be made as follows 
I Find the mate of the cause considered as an impulse coefficient 
II Multiply this mate by the admittance for the system 
in Find the mate of this product considered as a cisoidal coeffiaent 
These three steps define a perfectly definite result since every arbt 
tranly chosen coefficient has a mate whtdi is unique and determinate, 
or may be made so by the speafication of some suitable passage to a 
limit 

The use of a table of pairs may also be stated in another and some- 
what more general way as follows 

For any system where the principle of superposition holds any cause 
C(<) Its effect £(f) and the corresponding admittance Yif) are con 
nected by a relation which may be written in any one of three ways 
which explicitly express each of the three quantities in terms 0! the 
remaining two as follows 


E<i) ^ $nznj)oacu)2 




Y(J) 


_ gg£(g) 


where fi^Tis read ' mate of ’ 

This general relation between transients and the Fourier coefficient 
pairs is repeated m the following tabulation together with the three 
special cases which are discussed later in connection with Table II 


rfdmiffance F{/) 

Operalian ^(p) 

Impresstd 

Dmnng Grure C(g) 

rransienJ 

£( 2 ) 

Based 
v» Patr 

m 


C.Cf) 



FU) 

S>«(g) » unit impulse 

c?(g) 

4031 

pm 

* uiwt step 

G(g) 

415 

(p-po^FU) 

beginning at g =» 0 

G(g) 

440 
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Thus Table I just as it stands, with I substituted for g, presents for 
an assumed admittance Fif) the transient G(/) which would be pro- 
duced by a unit impulse acting at time / = 0. Again, after multiplying 
each coefficient in the F column by p, the admittance and transients 
are for the unit step acting at time i = 0. And, generally, since the 
F and G coefficients may be transposed by pair 217 any coefficient in 
Table I may be used as the transient effect E{t) due to this or any 
other coefficient acting as the driving cause C{i). This merely calls 
for an admittance equal to the ratio of the coefficients paired with 
E{t) and C(/). Whether there is any known physical phenomenon 
in a physical system corresponding to this mathematical transient is 
an open question. It is answered positively in a number of cases by 
the entries in Table II. 

In the operational method of discussing transients, the admittance 
YU) is referred to as the operator 4>{p)‘ By giving the first column 
above both headings, the tabulation applies equally well to both the 
Fourier integral method and the operational method. It is assumed, 
of course, that in both methods, all limits are approached in manner 
and sequence to correspond with the physical phenomenon. For 
e.\ample, in certain series e.xpansions, it may not be permissible to 
treat as real both the variable p in p{p) and / in F(/). 

The use of coefficient pairs may be most simply illustrated by 
reference to Figs. 3 and 4, in connection with the problem of finding 
transient currents through a perfect condenser of unit capacity, due to 
impressed electromotive forces shown by each of the seven curves on 
the right, considered as functions of the lime. Any curve on the right 
being the cause, the next curve below it is the.effect, considering Fig. 4 
to be placed above Fig. 3. In the solution the first step is to find the 
mate of the curve on the right. This is the curve on the left. This 
mate is then to be multiplied by the admittance of the system, which 
is p for a unit condenser. Reference to the titles of the figures shows 
that this product is given by the next lower curve on the left. To find 
the mate of this last curve is the third step in the solution and for this 
it is merely necessary to go to the cun'e on the right. The three steps 
then take us from any curve on the right to the next curve below it. 
Figs. 3 and 4, taken together, are a section of an Infinite sequence of 
pairs which illustrate an infinite number of possible transients in a 
perfect condenser of unit capacity. 

If, on the other hand, the system consisted of a perfect reactance 
coil of unit inductance and the impressed cause was again shown by 
any curve on the right, the effect would be shown by the next higher 
curw, assuming that the initial current at the beginning of time was 
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that showtt by the e\trcnie left of the upper curve Thus, when the 
cause u oscillating there ts one less half oscillation in the effect thaam 
the cause This is for an inductance For a condenser conditions 
are reversed the effect has one nuire half oscillation than the cause 
The scales of Figs 3 and 4 may be changed to correspond to any 
value of a the parameter which appears in the coefficients of the pairs 
At the limit a « 0 the cause and effect would be the singular 
or functions 

The curves on the nght for » = Oof Fig 3 and i = 1 of Fig 4 show 
that at the limit a= 0 a unit step in the voltage produces a unit impuNe 
in the current through a unit condenser on the other hand aumtim 
pulse applied to a unit inductance gives a current which is a unit step 
The cunes of Fig 2 may be used to furnish another illustration of 
the use of coefficient pairs in connectiort with the problem of finding 
networks in which ass gned trans ent currents nail be produced by 
assgned impressed electromotive forces Any curve » being the 
assumed cause and the ne'ct curve (« + 1) the assumed effect the 
required admittance is ^i(/)/li^«(/)) This admittance is pre 
«nttd by a ladder netnoik of (n + 1) elements perfect inductance 
cmls in the senes arms perfectcondensersintheshuntaims the ladder 
starting with a shunt condenser the values of the shunt capacit es 
being equal to 2 2R<n — 1) ' 2n(« — 1) '(n - 2)(n - 3) * etc 
and the values of the series inductances being equal to (2rR)*‘, 
(2 »b) ‘(n - 1 )(b ~ 2) ‘ etc In verifying the solution of this prob 
lem It ts to be noticed that the mates of the curves r and (n + 1) 
regarded as impulse coefhaents are the same curves multiplied by t * 
and * the quotient of the latter mate divided by the former 
mate is the admittance of the netnoric as given aboie 
On the other hand any curve (n + I) being the cause the curve b 
IS the effect m the reciprocally related ladder network of (b + I) 
elements starting with a senes reactance coil the values of the senes 
inductancesbeingequaIto2 2 »(b — 1) ‘ 2b(b — 1) '(» — 2)(n — 3) « 
etc and the values of the shunt capaaties be ng equal to 
(2r«) H(b- 2) » etc 

Applicatiovs of CoETFiacNT Pairs iv Table IJ 
In general each of the three subs diary problems employed by 
Founer is unsolvable m dosed form. In a stnctly limited number of 
cases however all three problems have been solved and the final 
transient solut on obtained These solntimis should be chenshed and 
collected for ready reference It is a needless waste of time to repeat 
the analytical work each time a solution is required Except for a 
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few special cases lying outside of the scope of the table, all practical 
applications of closed form coefficient pairs which were found in a 
preliminary search are included in the transient solutions of Table II. 
As it stands, the table is far from a complete list of closed form solu- 
tions, but it contains many important solutions and serves to illustrate 
the use of Table I. Table II contains 39 admittances, with references 
to 39 systems which serve to illustrate the occurrence of these admit- 
tances. In the third, fourth and fifth columns, 85 transient solutions 
are given of which 39 are for the unit impulse, 30 for the unit step, and 
16 for the suddenly applied cisoid. > 

The causes producing the transients in Table II are but three in 
number: the unit impulse, the unit step, and the suddenly applied 
cisoid; and the mates for these causes are unity, and (p — 
as is shown by pairs (403.1), (415) and (440). Multiplying these 
three mates by the admittances and taking the mates of the products, 
we have the effects, as stated in the headings of the last three columns 
of the table. 

To illustrate in detail the steps involved in finding a transient effect 
with the aid of Table I, consider system No. 14 of Table II with the 
cause equal to the unit step ^_t(f), X = f. The mate of the unit 
step is by pair (415). Multiplying this by F(/) as given in the 
second column of Table II, we have up-i{l -f Vf>/X)~> for the cisoidal 
coefficient. By pair (551) the mate of this is tiVx exp(Xg) erfc 
0 < g. Substituting for g the actual variable t, we have the transient 
solution as given in the fourth column and fourteenth row of Table II. 

This simple example fully illustrates the three essential steps in 
finding any transient effect when the admittance and pairs are known. 
In this example the effect was considered to be the unknown. If 
either the cause or the admittance were the unknown, the same pairs 
would be involved but the two coefficients in a pair would be used in 
the reversed sequence in all but one instance. 

There are still 32 squares of Table II left blank. It would be a 
simple matter to place series solutions or integral solutions in each of 
these squares. Thus if the impulse transient of column 3 is known, 
the other two transients are given at once in integral form by pairs 
(210) and (219); if the unit step transient of column 4 is known, the 
suddenly applied cisoidal transient is written immediately in integral 
form by the use of pair (220). The real problem is, however, either to 
find closed form solutions in terms of known functions or to show that 
this IS impossible. When the failure of known functions has been 
established, we should ne.xt consider the choice of new functions so 
defined as to throw as much light as possible on the new solutions, 
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Table n may be regarded as another table of coefRcvent pairs 
Column 2 contains asoidal co^aents column 3 the mates of these 
coefficients column 4 the mates of these coefficients when multiplied 
by p~^ and column 5 the males of the% coefficients when multiplied 
by (p — po)'* The corresponding pair in Table 1 is referred to in 
the lower left hand corner of each square by its serial number In a 
few cases^ two or three pairs are referred to and there it is necessary 
to add the Table I pairs together or m the case of systerns 37-39, to 
apply the two pairs in sequence* InTaWcII the customary physical 
notation is adhered to because it is often of long standing and this 
necessitates some change in notation when comparing pairs in the 
two tables 

StrmiARy and CovetestoNs 

A large number of the known closed form evaluat ons of Fourier 
integrals have been compiled and tabulated m conveniently compact 
form Many practical applications of the Fourier integral have been 
simplified by the comp latioo of Tables I and 11 which give coefficient 
pairs admittances and transient solutions 

Minor changes m nomendature and point of view have been intro- 
duced all with the idea of simplifying the practical application of the 
Fourier integral in the following ways 

(1) Using the cisoidal osallation and the unit impulse side by side 
as alternative elementary expansion functions 

(2) Focusing attention upon coeffioent pairs for these two elfr- 
mentary functions both coefficients of a pair representing the resolu 
UoR of the same arbitrary (unction 

(3) Using the frequency and epoch as the parametric variables in 
place of the customary radian frequency and independent time 
variable 

(4) Employing as a coefficient any real or complex arbitrary func 
tion which may be practically useful by regarding it where necessary, 
as a limit approached through coeffiaents which form regular pairs 

(5) Introducing the S-Cg) functions having an essential oscillating 
smgulanty at the origin whidi mate with p" the positive integral 
powers of /> 

(6) Us ng a notation which greatly reduces the number of occasions 
for employing the integral symbol «i applications of the Founer 
theorem 

’ Some (juesiions ceUt ns to opmtwaal methods iirvolv ng two variables have 
recently been d Kussed hy fialth van der Put and K F Nessen On s muHaneous 
operat onat calculus Pkd Hat (7) It 368 376(Feb WJl) See also apaper by 
MarionC (ray Note oil some tell l ec i pwiaHiioct ons n the double Founer ttana- 
lorni to be pubi si cd in (he Janm U tf thf L^ndott JilalJte imlual Society 



Having established the inclusiveness and practical utility of the 
proposed coefficient pair method of applying the Fourier integral, we 
are now planning to critically verify the tables and make them as 
complete as is feasible. It is proposed to include eventually such 
references to the literature ® as may add to the interest of the tables. 
The contributions of integral equations and of the operational method 
to the present subject will also be incorporated in the tables. The 
preparation of similar tables for other elementary expansion functions, 
such as Bessel functions, is also a possibility. A comprehensive table 
might be made which would include in parallel columns the coefficient 
functions for a large number of elementary expansion functions, thus 
giving at once many alternative ways of representing particulai time 
functions. This would make it possible to shift without trouble 
from any one expansion to any other expansion of the tabulation. 

We are under great obligations to our colleagues for their contribu- 
tions towards the preparation of this paper. While the primary task 
has been that of compiling the known compact evaluations of Fourier 
integrals and their systematic tabulation in a uniform notation, there 
has been, in addition, a great deal of checking and independent deter- 
mination of parameter domains. Generalizations have also been 
made in certain integrals and in some of the tabulated applications. 

We shall be grateful to any persons calling our attention to errors or 
omissions in the paper since we hope eventually to make the compila- 
tion of integrals and applications still more adequately meet the needs 
of those who make practical use of Fourier integrals. 

® Most of the integrals listed in Table I may be derived from results presented in 
the following works: D. Bierens de Haan, "Nouvelles Tables d'Integrales Definies," 
Leiden, 1867; T. J. I’a Bromwich, "An Introduction to the Theory of Infinite Series," 
second edition, London, 1926; G. N. Watson, "A Treatise on the Theory of 
Bessel Functions," Cambridge, 1922; E. T. Whittaker and G. N. Watson. "A Course 
of Modern Analysis,” third edition, Cambridge, 1920. Operational equations have 
been presented by J. R. Carson, “Electric Circuit Theory and the Operational Cal- 
culus," I\ew York, 1926 (revised German edition, "Elektrische Ausgleichsvorgange 
mid Operatorenrechnung," Berlin, 1929); by Harold Jeffreys, "Operational Methods 
in Mathematiral Physics," Cambridge, 1927; and by Vannevar Bush, "Operational 
Circuit Analysis,” New York, 1929. 
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Nqt&tiqk 

The following notation »s employed m Tables I and II except as 
specifically restricted 

Cti c » positive reals infioity being excluded 
hrf = branch * of a multiple valued function For algebraic 

functions branches are designated for any power of a 
variable m the manner listed under s", br x below 
For transcendental functions branches are deter- 
mined by the corresponduig branches of the aigu 
mentsof the functions %Vhen no branch designation 
IS given branch «ro is to be understood 
cis(s) *= cos 8 + 1 sm a = exp (la) = e'* » 
a cisoidal osntlation if 2 = 2rfi 
C(s) « j^*cos(J»s*)d^“ C(d:«)“*l 

P,{i) a parabolic cylinder function of order p 

-}r,f M 

O.W - >»)] 

p,(s) = 

(S»)’exp(}s^erfc{2-1*) 

EiW 

*= exponential inlegnd 
Ei(»-*c)«Ei(s)=Ft2r 

Mf(#) ** •—J' cxpf — *')is » — erf(- *) eff(± «) “ d; J. 

erfc(E) = I — ertfs) 

/ •= frequency parameter for the cisoidal oscillation 

- » «o in Parts 19 In Part 10 /has real 
discrete values and in Parts 11-13. / may assume 
complex values 



ft <f <fi — between the indicated limits the coefficient F(f) equals 
the given function, outside the limits it is zero. 

Fif) = coefficient for cisoidal oscillation, parameter/. 

Fttif) ~ coefficient of an f^-multiple pair (Fn(/), *”Fn(g)) in 
pairs (223)-(225). 

= modified Kummer function. 

g = epoch; parameter for the unit impulse. — « ggg eo 

in Parts 1—11. In Parts 12-13, g may assume com- 
plex values. 

go < g < gi = between the indicated limits the coefficient G(g) equals 
the given function, outside the limits jt is zero. 

= coefficient for unit impulse, parameter g. 


G(g) 

G{f,g) 




m 


I 


F(f)ds(2Trfg)df, the indefinite Fourier integral of 
Part 13. 


= sn _ n(.n _-i ) „(„-i)(„--_2)(»^3) , , 

2 2’i 

= Hermite polynomial of order n. 

= Bessel function of the third kind 
= J,(s) + fn(z) 


TT 




sm vir 


_ ._ 2 , sin wv7r 


sin PIT 




= Bessel function of the third kind 
= Mz) - xF,(s) 

= - i'+^Kriis) = - F'Hl^KPz). 

JT 


4- 

sm y;r ' ' 


imaginary part of s. s = R(z) -f il(z). 
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t,U) ’= Bessel function of the hrst Icind for imaginary argument 

ir,m'r(i. + m + 1) 

= » ’/.(«) = t’Mt >a) 

j 4 { = integers greater than zero infinity not included 

Jrit) = Bessel function of the first kind 

= f (- 

-Te«'r(r-f « + I) 

- ff,(» •*) » it) + 

K.iz) = Bessel function of the second kind for imaginary ai^ 
merit 

* }«— ‘z) 

Mi.W " +»-M 2- + i *) 

jfo,W-2*r(i- + i)z»/;(W 

.(») » J«* ««‘t(2r t) 
it) 

Af-6»+i» .(») " provided » + “ J 

m ft “ positive integers including zero excluding infinity 
27?( ) *» mate of ( ) 

p ^ilrj the imaginary radian frequency in Parts 1 9 un 

less otherwise stated the angle of p is taken to be 
— }*■ for negative values of/ and + ir for positive 
values of / In Parts II 13 p = i2r/ may assume 
coniple\ values not restncted to the imaginary axi s. 


f s 

R{t) 

®= reals po itive or aero excluding infinity 
•» real part of * * >= R(s) + «/(*) 

S{z) 

“ Xsin(Jxj’)<fz = 

— 5(-' *) 5(± ») =» d: } 


= limai7,’exp(— 

*aV) *! tth singulanty function 

&’-d=z) 

-A" 1 

-,)»“ + kB‘->+ +X„(I<±, 

V^‘ *2(4-1) 


( » tune — » S I ^ 
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V, w 




x,y 

Y 

n(t) 


s 

l 

.s', br X 


a, jS, 7 , 5 


r(.-, =) 


s) 


m 


= integers, positive, negative or zero, but excluding in- 
finity. 

= confluent hypergeometric function of order ft, v 


r(-2»-) ,,, , r(2v) 

m - M - *0 -li + y) 

1^0. ,(s) = r-Wfi:,(i-s). 

w^i *,(r) = rJ-'e»T(2x, z). 
H^^j.*,(z) = zH-lc-l‘. 

r(ju + V + 


+ 


r(2»' + 1) 

= reals, unrestricted, but excluding infinity. 

= admittance of system for cisoidal oscillation. 




= Bessel function of the second kind 


_ cos vir J,{z) — 
sin VK 

= - H?Hz)3 

Y,(f‘’z) — i~^‘°''Y,{z) + 2fsin mrs- ctn vTrJ,(z), 

= complex quantity, not infinite, otherwise unrestricted. 
= conjugate of z. 

= exp[fii2(log z) -f tM arg z], where (2x - l)ir < arg z 
m (2x + l)7r. 

= br(x — v). Branches (x + v), v a= 0, d: 1, 

±2, • • • form a complete set and without repetition 
unless fi is a rational real. 

= complex quantities, not infinite, real parts greater than 
zero. 


= 2 ’-<e'-'ds = (v - Ijrfr - 1, z) + z'-'e"*. 

r(v, 0 ) = r(;-). r(o, z) = Ei(s). 
r(|, z) = 7r» erfc (zJ). r(l, z) = e"*. 


r(v, i-^*z) = z) + 


27rf*(*’-« 

r(i - v) * 


= r(j>) — ?(»>, z) = (r — l) 7 (v ^ 1, z) — 
yih z) = erf (z*). 7 ( 1 , s) = 1 — g-., 
7 (p, i*"z) = z). 

s= zeta function of Riemann 


= V JL 

f^Ti m‘ ’ 


if 1 < i?(z). 
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f(»’ z) ^ generalized zeta funcbon 

t(, 1) = fW K2 ») - f’ti'i 

*= real quantity unrestncted but excluding infinity 
\ f, p c complex quantities not infinite otherwise unrestricted 

per ■= complex quantities not infinite real parts not less than 

zero 

^.(*) exp(w:*)Z>,* cxp(— 2rx0 

s= (— 2i^)*D.?2»*x) where D, is the parabolic cylinder 
function o! order n 

e (— 2 t*)" ei{p(— Ti?)ff»(2»*x) where ff» is the Hermite 
polynomial of order n 

X.W - exp(- rx>)^F,(- n I- \n xx*) 

^Ks) ■» r'(*Vr(*) •» logarithm c denvatc of the gamma func- 

tion - e* Euler s constant ■ 0 5772 
SI “ altemauve express on for this pair 

IQ B border case of this pair lying outside the domain 

defined by the standardized notation for parameters 
Reference must be made to this case at its place in 
the table for the complete definition of the domain 
^ contmuatioRofthedomamdefinedbythestandardized 
notat on for parameters All conditions to the left 
of the semi colon if any must be satisfied if this 
pair IS to be valid for the extensions of the parameters 
at the right 

© =» decrease of the domain defined by the standardized 

notation for parameters This pair is not valid if 
the parameters satisfy all the conditions which follow 
a B further information which is needed for the complete 

statement of this pair 

D B Jiniit pair derived from this regular pair by allowing 

one or more parameters to pass to a limit 
B B multiple valued function restricted here to the value 

indicated 

B B notation used here to simpl fy the writing of this 

particular pair 
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g = path of integration, whenever it differs from the entire 

real axis of /. The particular paths are specified in 
terms olp = i2vf, although the integration is always 
with respect to /. 

[E a: - 1 1 « 1 to a: + il « 1 : i?(X) < x, R{ti) <x, 

= straight line path in the p plane parallel to the 
imaginary axis, crossing the real axis at the point 
p = X, so chosen that the points fi, • • • lie on the 
left of the path. 

B (- 1 co|cise:X +,/i -,•••);»’.••• = continuous 
path in the p plane starting from infinity asymp- 
totically to a line through the origin making an 
angle B with the negative real axis, encircling the 
points X, /i, • • • in the positive or negative direction 
as indicated, and returning to infinity asymptotically 
to the same line. The points v, • • • are outside this 
closed path. For a closed finite continuous path, 
the reference to infinity is omitted. 

B = restricted case of this pair requiring restrictions of the 

domain defined by the standardized notation for 
parameters. Reference must be made to this case 
at its place in the table for the complete definition of 
the domain. 

B = special case of this pair within the domain defined by 

the standardized notation for parameters. 


Summary of Parameter Notation 



Not Infinite, 
Othenvise 
Unrestricted 

\ Not Infinite, and Real Part 

i 

1 

^0 

> 0 

Integers 

V, VJ 

vt, n 

i. k, i 

Reals 

X, y, e 

r, s 

a, b, c 

Complex i 

Z, \ 11, V \ 

p,C,T 

a, p, 7 , S 
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Explanation op Table I 
(Cimdensed from tho text) 

This table omits the integral a gn and lists merely the functions 
F(/) and 0 ( 5 ) which are referred to either as paired coefficients or as 
a pair The integral heading Table I may be restored with respect 
to either coeffiaent. The 649 pairs in Parts 4-9 of the table are 
arranged according to the function F{/) rational functions coming 
first and transcendental functions last The substitution p = *2rf is 
used If g« < g < gi occurs it signifies that between the indicated 
limits C(g) equals the given function outside these hmtts it is zero 
Similarly for /»</</i and F{J) Certain pairs show the F{f) 
coefhcients as the limits of more general functions these pairs ace 
obtained not by d rect Rietnann integration but by such integration 
followed by passage to a limit Without further information than 
this the simpler applications of the table may be made 
In most cases the integral formulas are valid for integration m the 
sense 0 ! Riemann only for bm ted regions of values of the vanous 
parameters involved these regions are indicated by the choice of 
letters used exceptions being noted by squared letters listed under 
each pair For complete definitions of the domains of the parameters 
and the significance of the squared letters as welt as for the functions 
employed see the preceding section on Notation The squared letters 
are summarized as follows 
19 ^ alternative expression 
IS » border case 
SI «= continuation of doma n 
IS » decrease of domain 
E — further tnformatiOR 
83 -=° 1 mit case 

Additional pairs may be denved by using the elementary trans- 
formations and combinations of Part 2 
Parts 10-13 extend the table to include a few Fourier senes and 
contour integrals which are explained under the headings of the parts 
and in the text. 


0 =* multiple-valued 
B » notation 
IB = path of integration 
15 = restneted domain case, 
S — special case 
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TABLE I— A TABLE OF FOURIER INTEGRALS* 
r FU)e'^’'^dJ = G(s) 

*/ — eo 

r G{g)e-*-^>‘dg = F(/) 

•/«.» 


No. 


Coefficient F(/) 


Coefficient G(g) 


Pari I. General Processes for Deriving the Male 


101 

FU) 


G(g)= 1 

F(f)cis(27rfg)d/ 


102 

F(J) = J“G(f)cis(- 

- 2rfg)dg 

G(g) 



103 

FU) 


OeJ FU) 

cis(2Tfg)p-‘df 


104 

h(P ~ Fa) + ^i(P ~ 

Fo)’ + • • • 

cis (2r/og)[X}^,(g) + XjgijCg) + 

...] 


ID using pairs 401.1 

and 206 




105 

, . + Xj , 

(P ~ ps) (P - 

i ... 

-Fo)’ 

cis (2tr/cg) ^ 

Xi + X} p -F Xs |i 



0 using pairs 408.1 ; 

and 206 


+ x«|+...), 

0 <g 

106 

hp + + 

• • * 

Xi^i(g) + XjferCg) + XjgijCg) -}- 

« * • 


E using pair 401.1 






* E\try pair in Parts 1-9 of Table I gives 
(1) the cttiluatcd Fourier integrals, 


X« W) cis {2Tfg)df = Gig), Gig) cis i2rfg)dg = Fi-f), 

= ilG(g) + G(- g)], G(g) cos (2r/g)dg = ICF(/) + F(-/)], 

J-B sin (2r/g)d/ = - 1 J[G(s) - G(- j)], G(g) sin i2rjg)dg = t5[F(/) - F(-/)], 

(2) the explicit expression in jof the result of the operation FC#>/(i2r)] applied to the unit impulse 
function ^o(g). where the operator p = i2r/ = d/dg. 


37 







TABt& I (Coatinued) 


No 

Coefficient F(f) 

Coefficient C(|) 

107 

+ + ••• 

4i + Xt^j + Xt^ + X«||-b 0<g 


Q) using pair 408 1 


08 , 

i(x. + X,i+l.i+-) 



@ 1 £a 

19 using pair S16 


09 

i (>4 + Vlp + + • • ) 



eii £0 

IB using pair SOI 

+ X.O-s)(2-o)i+...], 0<i 

10 




IS using pair 518 


n 

-7=(>'o + + "•> 



B using pair 503 1 


12 

MiCf) + MiV) +^^*y> + •'• 


131 

“ 0, except at / » p •= 0 

I ± t, ± 2, , where it becomes in 

1 finite covering at the limit the area 

I A.V=iJ'cU)r-‘’Jf 

I H s = J-e" 

■ H A, may be complex 

Ictff) “c(iiogi) 

* SA.Xv*’* 






TABLE I (Continued) 


No. 

Coefficient F(J) 

Coefficient G(g) 

Fart 2 . Elementary Combinations and Transformations 

201 

Fi ± Ft 

Gi ± Gt 

202 1 

FiFt 

f Gi(x)Gt(g - x)dx 

203 

r Fi{- x)Ft{f + x)dx 

V— eO 

GiGt 

204 

\F 

\G 

205 

F(af) 

HD 

206 


cis(2ir/og)G = efii'G 

207 

cis(— 2vfgo)F — e~f’‘F 

G(g - go) 

208 

pF 

T),G 

209 

P 

“It 

11 

n 

-gG 

210 


f’ Gdg = 

t/^0 

211 

r Fdp = iln r Fdf = 

t/— icQ 

I 

ow 1 *-• 

cn 


t From (202) or (203), with j (or/) = 0, and (215) and (217) follow the important identities for the 
integrated product of twopairs of coefficients and for the integrated squared moduli of a pair of coefficients: 


G,(g)G,(T g)dg, 


/_"« WG.Mdx = C,(x)F,(x)dx. 

The symmclrj' of these identities is to be noted; this would not be the case if the radian frequency 
*■7 Vtcre emplo>cd in place of the cyclic frequency/. 
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TABLE I (Gsodaued) 


\p-f, 

= ft -^-SDjY^F 
= (=F 2.j^D,yp 

l^.(/) 

-=0,1,2 ...If 

B F.[J) = ilFiS) + {“Fi-fy 
if » = 0, 1,2, 3 



1 The th, .. ^ 



TABLE I (Continued) 


No. 

Coefficient F{J) 

Coefficient G(g) 

224 

FoCf) + FiiJ) + FsCf) + F,{J) 

EB Fn is as for pair 223 

FoCg) + tFi(g) - Fi(g) - tF»(g) 

hs 

F«(/) -f F.(/) + F,(f) + F,(f) 

FtCg) - Ft{g) — Fj(g) -b Fii(g) 


+ t[F,(/) + F,o(/) + F,(/) + F„(/)3 
H Fn is as for pair 223 

+ fCF,(g) - Fic(g) + Fs(g) - F,(g)]. 

xE -S' E 

K fO m«0 

226.1 

• • *, BfAtV, • • • 

G3 5,+t = B, 

K = p 

B! At and B, may be complex 


Part 3. Key Pairs 


These key pairs have been brought together from Parts 4-9 of Table I, omitting however the explana- 
tory notes referring to special cases^ extensions and restrictions of the domain, etc. These notes may 
l^e found by reference to the key pairs in their proper numerical order in Parts 4-9 of the table. 


301.1 

Key 

1 

2a-2g-M» /ay -f fg\ /'ey - ig^ 

cos°C7(p -f- X)] 

tryr(a) V 2y 2y J 


0 pair 607.0 


302.1 

Key 

If 1 _ 1 1 

^"''>og[l+exp(-I|glj] 

ft -b X 1 sin [7(f> + X)3 yip + X) j 


0 pair 608.0 


303.1 

Key 

expC- fH? + p)*] 

exp (Xff* -b X®g — pg) erfc ( ) • 

ip + p)'CX + (/) + p)*3 


0 pair 830.0 

0 <g 

304.1 

e.xp !p[(f>-fp)* — (f>-f o-)'J} 

(P - rrlgi (g -b 4p)n 

Key 

j 

(f* + p)*(f> + o’)*[(f> + p)* -b (f> + 

0 pair 870.1 

(P - <r)‘'-‘(g -b 4p)‘“-» 

0 <g 
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TABLE 1 (Coatinued) 


m 

CoefRcieiit fX/) 

j Coeffiaent C(i) 

305 1 
K«y 

Kp W'p)K + p)3 

IS pair' 909 1 


\t* + (g + 2o^iT 

£*a+2e'J* 1 

«*pr- ofe + <'*)1l 



2i>u + 2f^)* 

2‘ir J 




30<S I 
Key 

p'f iW) 

IS pa r 923 S j 



307 1 
Key 

evp + l>Y(P + 1 





GO pa r 929 1 j 

X expr- i[p + t)(s + r*)J 
X7^.rK^-^)<Hc + 2r»)»j 0^£ 

308 1 

(P + + f)j 

-^Mi:e(?+p):wp(/«+p)]i 


Key 

(i*)'8'U' + 4e*)‘ ' ' 


9 pair 938 0 



3091 

ap 1 r*C(p + fl)‘ - (P + »)‘?) 

leitP r— Up + p)(t + 4r*)3 


X i r*C(p + p)' + (P + o)* J1 

1 f’(f + 8r^)' 



9 pa r 940 1 

|Xf,^.[iO»-e)r*{£ + 8r»/] 0<r 

310 1 

ktfc' +•')»+>!'] 



Key 

1 X 

5- 


1 13 pair 945 1 


o<e 

311 1 
Key 

1-^ op (i^f) ir — + ,a 
' IS pa r 961 1 

Mp F— p(f + i«*)T . 

■Ce + «r’J’^‘. 

o<« 

»/, ,1 

312 1 
Key 

‘ rpr ' 1 

'^y 

(P + p)'-’ '■‘^L2X(P + ^)J 


— '[^Vs] 




1 S pa r 963 1 








TABLE I (Continued) 


No. 


Coefficient F(J) 


Coefficient C(g) 


313.1 

Key 


314.1 

Key 


31S.I 

Kev 


1 


+ pY 


-.exp + p)*] 




0 pair 965.1 


X Tr_„.^,Ccr(i.-{-.p)=1 


r(2.) 

X lfj_2.+5a.}a_l t 0 < g 


jfUa + I, y(p + ^)3 
I pair 971.1 

lr(p + fi+ mp + P + 1) 

I pair 973.1 


re' 


.-Pi 


7 “+'r(« + i) [^““p("^)] 


. o<g 


,-ie+i)y 


lexpCe”") — 1 


Pari 4 . Ralioml Algebraic Functions of f 


401.1 

p" = lim fj)" exp (— vaH^)! 

4 

g>,(g) = lim T-I?/ exp(^-^)l 


0*^0 1 

B— 0 [a \ o*/J 

402 

.„^,i^”^t‘(-l)‘(« + l)!(.-‘«p-l)| 


' «-.o a !:!{» -k + l)!tt'‘+‘p 

403.1 

1 = lim [exp (- p\p - poi)] 

P—o 

S>o(g). unit impulse at g = 0 

404.1 

p= lim C/'exp (- Tr;3/’)] 

negative unit doublet at g = 0 

405 

]/)|*« =: lim 

0^0 

(- l)-^:n(g) 

406 

|p|="+>= lim (ipp-'+'c-®'”') 

p-»0 

(- l)"+'(2« 1)1 




1 

407 

Ifl = lim d^lc-*'”') 

__L 


0 


40S.1 

l-limf ^ 1 

± g*“' 

P^ e-c [((> ± ^)*J 

(fc-l)!’ 0<±g 
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TABLE I (Continued) 


No 

Coeffitient F(/) 

Coefficient C(r) 

410 

=■ ] 

IS This pair IS given as the limit ap 
preached by the lormal pair 726 2 
not as the limit approadied by a 
legular pair 


411 1 

*S)> 

>,L ((* + «*-'*' J/ 

*-.(;) = [xi ± 

+ >ig*"* + Xjg*“’ + + Xi, 

0 < ±g 


SI « <• l 2 pairs 415 <16 


415 


i6.,(g)-X±J. 0<±t 

unit step its "0 

416 

i . r , i+x 

}0u ■ 

• ilfl t Xg + M 

421 I 

F{f) = 

£ £ ± x„^Yr‘, |)<±I 


B iU) 19 any proper rational fraction 
in p with n dvstiP'-t poles the 
order of pole »/ being n, AH 
pure imaginary poles m F are the 
limits of corresponding poles in 4 
' which have assigned real parts 7a 

' This IS a regular pair i( there are no 
pure imaginary poles in F 

1 (fc-l)'(»/-X)’ 

8 The upper or lower signs for each 
term are employed according as 
the real part of »/ (either actual or 
vestigial) «s less than or greater 
than aero 

431 

1 

(P tfc P)‘ 

SI k ^ 1,2, 3 pairs 438 and 439. 442 
450 

IQ 9 0 pair 408 1 




TABLE I (Continued) 


No. 


Coefficient F(/) 


Coefficient G(g) 


433 


438 


439 


440 


442 


444 


445 


446.1 


1 


(pa - 

E! fe = 1 : pair 444 
1 


lP + 0 

1 

I 


|p— po fl-»fl\p — po— ^ P~Pa-\-P/ 

m Po = 0; pair 415 

1 


{p ± 
1 


pa _ ^3 

P 


pa _ ^a 


IP'+.-c* 2ix-j^o{j 


i-x 


447.1 


p-ix-p 

I id-X ^ — X j+X \ 

P-3JC+/3 p+ix-p p+ix+p) 

in * = 0 

P 


:pa+.-ca 

+ 


- = ^lim (" . .- LA , 

fl— oVp-w-jS 


^+X I 2~X , ?+X \| 


P-U-+P p-hlv-p p^ix^p) 
X =■ 0: pair 415 


:+■ 


(-1)* .-m V (fe+J-2)!|g|^->' 

. (- l)Mgi*~‘ga-l(g|g|) 

(fe-l)'.x*(2^)*-‘ 




-A 


CIS (2Tfog)B>~i(g) 




2P 


;Sin3Cfig>_,(g) 


'cos xg 


0 <g 


g < 0 


0 < ±g 


0 < ±g 
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TABLE 1 (Continued) 


(#±a)C/»=fc/9) 

IS pair 448 1 
S o « ^ pair 442 
Ba»cOOr/}**a 
459 


+V.' 

C5 pair 448 
S ^ 0 pair 442 

S 0 X • and X x a 
439 

!r(x)i 

1 

(P + a)(p‘-0) 
iSax^ pair 444 
iQax « pair 439 
lOtf- • pair 438 


S pate 449 1 
9a X ^ pair 449$ 

9a B Oorfi X 0 pairs 438 and 439 


IS pair 449 
@ X X 0 pa r 449 S 
IB ^ + X* X 0 pa rs 438 and 439 
lZiX)l 


S a X ^ pair 44S 
@a X 0 par 439 
a® 0 pat 438 








TABLE I (Continued) 


No.. 

Coefficient F{f) 

Coefficient G(g) 

450 


-H 

0 < dbg 

(P ± (9)’ 

452 

t 



(?+£<) (f>+j3)(/)+7) 

(o-^)(/S-7)(7~a) 

1 


SI a=/3or^=:7or7=a:pair 452.5 

SI a+^= 27 or/ 3 + 7 = 2 a or 7+a=2^: 
pair 460.3 

0 a= CO or 00 or 7 :* 00 : pair 448 


0 < g 

452.5 

1 

- e-^Ti - (« - fikJ 

0 < g 

Xp + “)(? + fi'y 

(« - fiy 


0 a = iS: pair 450 

0 a = CO : pair 442 

0 iS = « : pair 438 



453 

P' ' 

a(0-y)e-^>+fi(y-a)rf’+y(a-0)e-^* 

(P + a)(P + ^)(P + 7 ) 

(a~ff)(fi-y)iy-a) 

9 


0 a=^ora=7orj8=7:pair 453.5 
0-a=O or fi—0 or 7 = 0: pair 448 

0 a= 00 or /S= « or 7 = “ : pair 449 


0 <g 

453.5 

P 

[0 - j3(« - Wsle""' - ae~^' 

. 0 <g 

{P + a)[p + 

(0 - py 


0 a = ^: pair 453.8 

0 a = 0; pair 442 

0 a = CO ; pair 449.5 



453.8 

P 

g(l - 


ip+fiy 

0 <g 

454 

1 i 

06-°' - ae-®" 

0 <g 

pip + a){p 4 - fi) aPp 

^(a-« ’ 


0 a = iS; pair 454,5 

0 01 = 00 or ^ = CO ; pair 438 
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TABLE I (Conttaued) 



Pari S Att^OK FvntMm eff 









■EABUE I (Continued) 



<9 



TABLE I (CbntintKd) 






TABLE I (Continued) 


No. 

Coefficient F{J) 

Coefficient G(g) 

• 

522.8 - 
1 

\Pi 

sin ira r(a) ' 

g <0 


0 a = ^; pair 522.2 

0 1 S R[a) 

tan xa r(o) ’ 

0<g 

523 

W 

1 

Ul* 



[SI pair 523.1 



523.1 

1 

1 


1/>1‘ 

(2xlgl)* 



ISI pair 523 



523.5 


±1 

0 < ±g 


(2^1e1)*’ 

524 

1 

i 


0 <g 

{? + P)“ 

r(a)« 


H br r 

0 a = w = 0: pair 524.2 

0 1 ^ J?(a), Rip) = 0 

B br w 


524.2 

1 


0*< g 

(/> + «“ 

r(a)«^" ’ 


0 ot = A: pair 431 

0 <r = n + 5 : pair 524.5 

0 a + i : pair 524,6 

0 a = i, i, 4 t it 2, 4-, 3: pairs 526.4, 
526, 526.7, 438, 529, 442, 529.3, 
450. 

0 0 = 0: pair 521 

E 0 — > 0: pair 516 

0 25(a) < 1;25(0) = 0 




51 



TABLE t (G^nhnued) 


Coefficient f{f) 


Coeffiaent G(.{f 







TABLE I (Continued) 



S3 






TABLE I (Continued) 







531.5 


539.1 


539.7 


540.1 


(P + P)* P' 

p s 00 ; pair 522 

0 p = 0 

l(P + P)‘ - 
0 p = 0: pair 522 


C’rg)* 


4-i (!-«""). 


1P*(P + P)* 

0 p = 0: pair 522 
= CO ; pair 521.4 


541 


542 


543 


tp‘(P + P? 

(S p s= CO : pair 521.7 

0 p = 0 

jCL 

\p + P 

El a = t: 

0 p = 0: pair 521 
0 ^ = CO ; pair 521 
0 2^ R{a) 


P+P 

0 P = 0; pair 522 


t(iye-»''Aapg). 


rOl/'iV 

(25r) 


r(l - a) 


lp‘(p + P) 

= 00 ; pair 522 


ie-^'erf (»W). 

*P’ 


1 

JTW 


= CO : pair 522 


0 < f 


0 <g 


r® /pV^-urj (Jpg), 0<g 

W^\eJ 


0 <g 




-L. + iph-O’ erf iW). 0 < e 

{nr 


0 < g 


_L__LexpftVrfc(4V 0<g 


55 



TABLE I (Gntinued) 


S P = 0 pair 543 
IS X 0 pair 525 
BB(X)g-(Rtp) + yWTI* 

[? + 7Xl +P*A) 

IB ^ O' * pair 541 
B 7 » 0 pair S43 


ip + 7)C^ + (p + 

& P * 0 pair S45 
IBt“ P pair 543 J 
IEjX««or0a>« pair 438 
n X ■ 0 pair 549 
aR(x)s-(R(p) + c/(x)jj* 


{#+7)(t +W) 
Bp ^ 0 pair 438 
B iS - « pair 542 
H "T =■ * patf 543 


p?TT)tn^TM^J 


E3 a = 0 pair S45 S 
B Y ° pair S43 S 
Bx** *»ora*= <0 pair 438 
IB X =< 0 pair 545 
aR(X)S-{R(a) + C/WJJ» 


tF+l)^+7F+l)*3 

5 X 0 pair 529 
B X = « pair 438 

BSWS-ISIB+CIWII' 










TABLE I (Continued) 


No, 


Coefficient F(f) 


Coefficient (?(g) 


546 


547.1 


548.1 


549 


(P + /S)(f> + p)* 

El p •= /3: pair 529 
0 p = 0: pair 542 
> CO : pair 526 
p = 00 : pair 438 

1 1 


Pii> + p)* p*P 

p = 0 

(. P + p)* _ P^ 

P P 

! p «= 0: pair 522 

(P + p)^ 


P + fi 

0 p = 0: pair 541 
B ^ = p: pair 526 
p r= 00 : pair 438 


551 


551.5 


PHI + PW 

P = 0: pair 522 


(P + p)*[?^ + (P + p)*I] 

EIX = 0: pair 438 
0 X* = p: pair 547,1 
0 p = 0; pair 551 
0 X = 00 : pair 526 

{i?(p) + yw?)‘ 


552 


(P + 7)(1 + P'P‘) 

fi ^ 0: pair 541 
=' CO : pair 438 
7 = 0: pair 551 


l—e-^^erfiCp-pM 0<g 


(P - /S)‘ 


- erfc (p^ ), 

A» 


0 <f 


- p* erfc (pV). 0 < , 




+(p- erf c(p - 

0 <g 


;i«p(|)er(c(i!), 


exp (X'g - pg) erfc (Xg*), 


0 <g 


0 <g 


|j’7‘e“''‘' erf (iVg*) + 


’y» 


+ 
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TABLE t (Continued) 






TABLE I (Continued) 


No, 

Coefficient F(J) 

Coefficient G(g) 

554 

+ p)‘ _ j; r iP + p)‘1 

e-^^WSpS) + + PgWiPgU 

0 <g 

H p = CO ; pair 520 

S5S 

1 

,-l>W»jo[i(p - ‘^)gl 0<s 

(P + p)*(P + 


0 p = 0 or <r = 0: pair 563.4 

0 (T = — p; pair 557 

0 p t= m or cr = « : pair 526 
<r = p: pair 438 


555.4 

1 

- P)gJ 

{p + P)*(P + P)* 1 

+ Ti[i(p - P)g2}, o<e 


0 p = /S: pair 442 

0 p = 0: pair 563.9 

0 ^ = eo : pair 526 

0 p = CO ; pair 529 


555,7 

1 

{P + P)‘ 

e-i<^'l(p - fi)gI,Ci(p - 0)gj 

+ [1 + (p - «gMi(p - ^)8]). 

o<e 

(P+P)* 

0 p = /3: pair 438 

0 P = 0: pair 563.7 

0 p =» eo ; pair 529 

B3P-*0: pair 554 

556,1 

0* = 0 

0 <i 

556.5 

0 a: = 0: pair 522 

5in(l*|g) „ ^ 

(2x)‘£« • 0<g 

557 

1 

M^g). 0 < £ 

(F+W 

— 

0 .r = 0 

1 
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TABLE 1 (Coatinued) 





TABLE I (Continued) 


No. 


563.1 


1 

p°{p + pT 


Coefficient F{J) 



Coefficient G{g) 


pairs 539.1, 563.4, 539.7 
IS p = « : pair 521 
10 p = 0: pair 521 
0 1 g R{a) 


0 <g 


563.4 

p>(p + p)i 


IS p = CO ; pair 522 
m p = 0 

563.7 

p* 

(p + 

563.9 

1 

p'(p+fiy 

IS ^ = w : pair 522 


565.1 

P + p 

ip + py 

1 

IS p = 0: pair 529.5 
IBjS = p: pair 526 

IB P = CO ; pair 529 

565.4 

1 

iP + P){P + 7)’ 


0 7 =^: pair 529.3 
IB /3 = CO : pair 529 
IS 7 = CO ; pair 438 


e-'^’IAiPS). 0<g 


+ (1 - Pg)hmn 

0 <g 

- T,mn 0 < g 


^e-'’Tl+2(p-/S)g], Q<g 




2g* 


’tHt - fi) 


e'"'. 0<g 


569.0 


I 1 
(p* - p^)" 


lg|°~X-»(plgl) 

ir‘r(a)(2p)“~‘ 


^ a = k: pair 433 

® « = }. i 1, 4: pairs 558.8, 558, 444, 
558.5 

® P = 0: pair 522.5 
0 1 g J?(a). J?(p) = 0 
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TABLE I (Ctmtinued) 








TABLE I (Continued) 


No. 


Coefficient F(J) 


Coefficient G(g) 


573.5 


574 


( ^ + P 

\/> + <r 


y 


Up + p)* + (f* + 


H p — 0: pair 573 
I@ p = CO ; pair 526 
[S p = a: pair 524.2 


575.1 


P\P + p)* 

E! a = 1 : pair 563.4 
El p = CO ; pair 522 
[0 p = 0: pair S21 

UP + p)> + (p + cr)^y-^ 


575.2 


576.1 


(p + P^iP + O’)* 

El a = 1, 4: pairs SSS, 530.3 
El p = — 0 -: pair 575.2 
El p = 0 or cr = 0: pair 574 
El p = CO or <r = CO : pair 526 
0 p = (t: pair 524.2 

[(p» + + /.y- 


El a = 1 : pair 557 
0 X = 0: pair 521 


576.2 


[(^ + P)* + (P+ <r)»]“ 

Ela = 1,2: pairs 530.5, 559.2 
El p = — (t: pair 576.3 
Elp = 0or(r = 0: pair 576.2 
0 P = 0-: pair 524.2 

Up + p)* - ^* 1° 
i.(i> + p)‘ + f * J 

0O = i 1: pairs 531.5, 559.1 
0 P = 0: pair 521 




l4(p — 0-)““* 

X {la-iUip - <r)g] + 24 CKp - «r)g] 

+ Ai+iCs(p — ff)g]}t 0 


p‘-»p-i'7„_i{^Pg), 


0 < g 




0<g 


Ja-t{X£) 


ge-»^>V,,[Kp - .r)gT 


2(p - cr)‘‘'g 


0 <g 


0 <g 


|o-‘”/„(^Pg). 


0 <g 
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TABLE I (Coadnued) 


No 

Coefficient F(J) 

Coefficient Gig) 


\ 

—•f.ixth 0 < t 

ytai 

c(?* + + py 

581 1 

m a B j, 1 pairs 556 5, 556 1 

E X » 0 pair 521 

1 


if + pY^'fp + •r’ 

Sot » M pairs 582 1 582 4 
» = ±1 pair 555 7 

Sa » 1, * - pa>TS55 4 

S a >* ** 1 pair 581 7 

Sp = 0orff«0 pair 581 4 

SI » « 0 pair 570 1 

IBpa coorv* <0 pair 524 2 

IS« ± V > Q pair 524 2 

IB p — 7 pair 524 2 
a 1 a R(<» + r) i?U> - 0 

IS 1 a ^(<* ” f). 25(») * 0 1 

r(2o)(p-p)-“ ' 

X5r,..,C(p-o)gi o<j 

9814 

f'"' , , 




Sa-M pairs 555 1, 585 4 

S ^ > t pair 524 2 

1 S a + |7 - 3 pair 540 1 

1 SI d 4* 28 * 2 pair 563 1 
[SI a + 8 =* 1 pair 521 
^ p “ ^ pair 521 

IS p = 0 pair 521 

E 2 S i{(a + 8), R(ri •= 0 

»<t 

1 

5817 

J 

1 i-#» 

(>+«(/+ ^■‘ 

IS a == 1, 1, 2, j pairs 549, 546, 448, 
565 4 

SI p 0 pair 540 1 

IS a - 1 pair 458 

IS/S= » pair5242 
@ p CO pair 43S 

IS i9 s p pair 524 2 
© 2 S /?(a) R{p) = 0 

r(«- iKp-«'"‘ 

X •>[«*- 1.(8 -to o<e 




TABLE I (Coi 


No. 


Coefficient F(J) 


Coefficient G(g) 


- r(j — v) -lirioi 

X 2^{p — (r)*g*3 

+ ■^2»-jC2*(p - o')*g*]l. 0 < g 


2'+‘;r(p-(r)‘‘’ 

X 2»(p - <r)‘g»3 

- I>s^j[2*(p - a)*g‘3l, 0<g 


+ ■02a-s(2‘p*g’)], 0 < g 

2'A') 

- U2„-,(2‘pV)], 0<g 






TABLE I (CoaOBued) 





TABLE I (Continued) 


No. 


604.73 


604.74 


604.75 


604.76 


604.8 


604.81 


604.82 


604.83 


Coefficient F(f) 


Coefficient G(g) 


! 1 

{p + P) sinh [a(#> + 0)3 
I E! a — 0: pair 442 


(2k - l)a <g<(2k + l)a 
E( Choice of g fees k 


! 1 

\{p + P) cosh [a(p + 


2e-^’, (4;!: - 3)o < g < (4k - l)o. 

0 Choice of g fixes k 


ctnh[c(j» + |3)3 
p + P 

E o = 0; pair 442 
E a == « : pair 438 

tanhCaf^ + j3)] 

P + P 

E a = » : pair 438 


(2* - De-'*', 2a(k - I)< g < 2afe 
0 Choice of g fi.xes k 


(- 2a(k -i)<g<2ak 

0 Choice of g fixes k 


\ 1 

ip + - m] I 

I E /I = — 1, 0, 1: pairs 604.82, 605.1 
with a = 2, 604.81 i 

E o = 0: pair 442 I 

I 0 aR(P) S i?(log m) 


ka < g <(k-\- l)tt 


0 Choice of g fixes k 


1 

(p + - 1] 

E o = 0: pair 450 
I 

(p + + 13 

E o = 0: pair 442 


[fcg - ^ofe(i + k)y-f’, 

ka <g<(k + l)a 

0 Choice of g fixes k 

p -. ^-1)^ (2g-a)+lafe(~l)^] e-% 
ka < g < (k + l)a 
0 Choice of g fixes k 


1 1 

ip + ^)=S!nh[o(/) +^)3 
I E a = 0: pair 450 


2k(g-ak)e-\ (2k~l)a<g< (2k + l)a 
0 Choice of g fees k 
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TABLE I (Conttnued) 


No 

Coefficient F(f) 

Coefficient G(g) 

6M$i 

, \ 

(f> + fl)‘coshCa(/> + «J 

& - D'fe - 2a*)>'" 

1 (2fe - 1)4 < g < {2k + !)a 


@4 = 0 pai('442 

: B Cho ce of g ffnes k 

604 8a 

:tnhr<»f^ + ff)l 
(P + 0)' 

|c(a - !)f - 2<»»(fc - 

2a(fe - 1) < £ < 2ak 


@0=0 pair 450 

B Cho ce of g fixes t 

604^6 

tanhrafp + (3)1 
(P + 0)' 

>+<- l)‘{24i - 4 - £)>-*' 

2a(i~ 1 ) <g<2a* 


@4 = 0 par 438 


6051 

(p + pr 

fL, «<i 

606! 

Sx»0 par 524 2 
\ par604 

S a ■> 0 pa r 606 1 

B 1 S RM R(fi) - 0 

e-' 

r 

Ki 

607 0 ' 

Bx"‘ 0 pa r 521 

B i £ 


»s*C-y(p + X)J 

..rwH 2, 2, ) 

1 

607 1 1 

@4=1 2 pars6071 6078 
B/f(oT)£0 

B R(\th)< , 

SlS2?(o) i!(WT)® 

1 

cosCiO' + X)3 

5'"' “"■(“) 

1 

1 

607 4 1 

®x- 0 par6090 ' 

0J?(Jt/y)£ li5(X)| 1 

wisap 




TABLE I (Continued) 


No. 

Coefficient F(/) 

Coefficient G{g) 

607.5 

li + X 


cos[7(^ + X)3 

S X = 0: pair 607.4 
^ Riirrly) S \Ri\)\ 

-h.(s) 

607.8 

1 

cschf^^ 

27 * \2y) 

cos’C7(^ + X)3 
® Rih/y) g |J?(X)! 



608.0 

Key 

If 1 t. 1 

^e-’''’loE[l +exp(-^!g|)J 

/) + X 1 sin[7(/) + X)] 7(F + X) j 

(H X = 0: pair 608.2 

I2li?(r/7)S 1J?(X)1 


608.2 

U t 1 \ 


p\s\nap apj 

;Jog[^l+exp|^-~jJ 

609.0 

1 

cos ap 

0 a = pair 625. 


610.0 

1 1 

-icl„-[s,'„h(g)] 

p cos ai) p 

6I0.I 

J 1. _ 1 .] 

-^e->^ctn-'[sinh(g)] 

/> + X 1 cos[7(F + X)3 ‘ j 

0 X = 0: pair 610.0 
l^R(h/r) S |i?(x)| 


i 

611 

I I 


sin ap ap 

611.1 

1 1 

^e-^»[tanh(g]=Flj, 0<±g 

sin[7(/> + X)3 7(p + X) 


0 X = 0: pair 611 

IBJ?(x/ 7) S li?(X)l 
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TABLE I (Cofibnued) 


No 

I OiefRcient F(J) 

Coefficient G{f,) 

612 

1 . f sm ) 


612 I 

tan ap 

P 


612 2 

t»n[-r(p + »T 


/>+x ' 

S X » 0 pair 612 1 

lBR(iTWS|RO.U ' 

612J 

1 

tan ap . 

( cos «I> 1 

jliT* \ &p ««[(« + »p ( 


613 

1 _I_ 

\lia ap" ap 





6131 

p \ tan ap ap / 


613 2 

‘1 ‘ '1 
/- + X 1 tanC7(P + iCR + X}/ 

SIX = 0 par 613 1 
ISR{r/T)S|/5(X)f 1 


613 3 

1 1 
unafp ap 

i[cM(B)Tl] 0<*I 




611 

P 

,sina? 

6»Kg) 


to 




table I (Continued) 


No. 


615 


Coefficient F(J) 




isinCT(P + 

jgix= 0;pair 614 
iI5)i?(T/7) g \R(S)\ 


sin 

jsin ap 

j m X = ia; pair 609.0 
1E]X= 6: pair 614 


616 


616.4 


617 


gl X = 0: pair 609.0 
ili?(a) S li?(X)l 

sin "Kp 
cos ap 

m X = 0: pair 607.4 
IQ X -> a: pair 612 


616.7 


cos Xj> 1 
sin ap ap 


611 


El X = W- pair 
El X = 0: pair 611 
IQ X -♦ o: pair 613 
til J?(cr) g \R(}^)\ 


sin 'S.p _ 


2 ^ 

ap 


sin ap 

El X = pair 610.0 
E! X = 0: pair 611 
[Q X -4 a: pair 613.3 
0 X = a 

I3i?(a) < li2(X)| 


Coefficient G(g) 


1 

2a® 

"(t) 

cosh 

L„,(g)cosh( 

ir) 

irgN 

2a/ 

“sh(? 

-isin( 
a V 

^ + cos ( 

^ ^ sinh 
,2a) 

7rX\ 

“ / 

(2) 

cosh ^ ^ "i” 

fsinhf^ 

2a \ a 

(?) 

cosh ^ ^ "i” 

(?) 


0 < ±g 
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TABLE I (Continued) 


No 

Coefficient F{f) 

Coeffiaent C(s) 

617 4 

1 / coaX^ 1 \ 
p\sinap apj 

i>«[ico.h(a)+2„(f)j|^ 

2a 


S X ~ f « pair 608 J 

SX«a par6131 

SX=!Q par608 2 
< !;?(i)} 

617 7 ' 

1 

snxp 

pcmap 



S X « B pair 612 1 

S X > 0 pair 609 0 
aR(«)<l2i(X)| 


€18 

CM \p ! 

e cos "* p 



1 S X » 0 pair 610 0 

IBX^b pair 6134 

QX«> a 

Iswl 


€19 

jcosh =» Ijn CK**’ + «■•')« ^ ' 3 

ICfeiCf + ») + ft(s ~ *)3 


S a 0 pair 403 1 


6195 

snh»p= Im nCe'r-r^rJe-'rj 

+*)-#.(c-x)3 




620 

cosh (op) 1 

P P 

=F} 0<±t<a 

620! 

coshfafP + X)] 1 

0<±g<a 

f+X f+X 


S X 0 pa r 620 
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TABLE I (Continued) 


No. 

Coefficient F(J) 

Coefficient G(g) 


cosh(ap) cosh(aX) 

=F 

0 < ±g <o 

ozlA 

^ + X ^> + X 

El X = 0: pair 620 



622 

5 inh(a/>) 

1 

Ifil <o 

P 


622.1 

sinhCo(/) + X)] 


Igl <a 

i> + x 



E! X = 0; pair 622 



623 

sinh(a/)) a 

i(g=Fa), 

Q < d=g <a 

P 

623.1 

sinhfafp + X)J a 

le~^’(g =F a), 

0 < dbg <« 

(p + ^y /> + X 

El X = 0: pair 623 

sinh(ap) stnh(aX) 




624.2 ^ 

Ifl _ 

0 < ±g <o 

p{p + X) X(p + X) 

El X = 0; pair 623 

sinh(ap) a cosh(ap) 




624.5 

is. 

kl <o 

P P 

624.6 

sinh[a(p + X)] a cosh[|a(p + X)] 

ke-\ 

1^1 <« 

(^ + X)^ p + \ 

El X = 0: pair 624.5 j 




625 

sech a/ 

sech irg 


631 

El or = w + 5 : pair 631.2 

Ela = i 1, 2: paire 632.3, 632, 

632.5, 632.7 

S P = 0: pair 521 

0 1 S i?(a), i?(p) = 0 

-inf 

lira + atan-‘ 

1 1 

>r(p’ +«')*“ [ 

r(a) r 1 


»'2r L(-g- 

-♦»“ (-g + tp)“J 
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TABLE I (Continued) 


No. 

Coefficient F(J) 

Coefficient C(g) 

632.11 


X(ffi + X* - g') 

TC^ + (X + g)=]K* + (X-g)*a 

632.2 

-fflpl-ly 

IS 



632.3 

P' 

rg + (p'+g»)n‘ 

L 2:r(p* + g=) J 




632.S 

D ^ 0: pair 503 

[(ffi + g*)‘ - 2g]C(i9* + g*)» + g]» 


632.7 

pe-W 

2j5g 

632.9 

pie-W 

(0 ^ 0 : pair 504 

-3[2g(ffi + g’)‘+/S’-3g»3 

w L(ff^ + g-’)» + gl» 
2V<(ffi +.g»)» 

635 

1 f-p',p] _ 1 

P' P 

0 P = 0 


633.3 

P 

El pair 633.4 

O c = 0 or p = 0: pair 633 

M p = <n pair 638.1 









TABLE 1 (Continued) 





TABLE I (Continued) 
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TABLE 1 (Contcnued) 


No 1 

Coefficient f(/) 

Coefficient C(i) 


650 4 

?'■"■( -i) 

1 L} pairs6S22 ^5 2.6534 
B £ = « pair S2l 
© 2 S S(<*)Ci » ^(<«) tor transposed 
pair] 


0<3 

6S0S ' 

(? + W" ^ + (3 ) 1 

Sin - i I. f 2 pain 631 S, 653 5 
, 653 S 636 3 


0<e 


+ P)] 

SXa 1 pair 651 3 

S 9 a 0 pair 632 1 

S K « pair 326 
@X- 0 

0X+ - (X(.Jf(9)-0 

1 

e<t 

6S1 S 

+>) 

0 9-40 pair 632 


0<( 

6S2 

EThis F coefficient has a regular 
mate gi\et\ by pair 660 1 

® 

0<g 

652 2 

rH-rp) 

® c =< « pair 522 


0 <r 




TABLE I (Continued) 


No. 

Coefficient F{f) 

Coefficient Gig) 

653 

1 - r ^ 1 

^e-«sinh(|?). 

0 <g 

\{p + p)^ ^L^(/> + p)J 


© X = I ; pair 653.5 

1 HI p = 0: pair 653.4 

E X = » ; pair 529 

I§]X= 0 

IslX + - iXl, i?(p) = 0 

HI i?(p) = 0 for transposed pair 

j 


653.4 


• /2g'\ 

0 < g 


B No transposed pair 

1 


653.5 


-^Te~^‘'sinh ( 25 *), 

TT* 

0 <g 

(P + ^\P + /5/ 

654.2 

“’’[w + ri] ‘ 


0 <g 


E p *= 0: pair 654.3 
® X = « : pair 438 

0 X ^0 

0X+ - |X|,i?(p) = 0 



1 

654.3 

ex-pf-lUl 


0 <g 

cp) 

(f«)‘ p' r 

654.6 

"Ki)-’ 

-w’-m- 

g < 0 

655.1 

1 / 1 \ 


0 <g 

p + p ^ \ X(p + p) / 

1 

1 

E X = I ; pair 655.5 

E P = 0: pair 655.2 

B X = CO : pair 438 

0X = 0 

0X + - IXj, Rip) = 0 
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TABLE I (Cbfttinu«l) 


No 

Coefficient F(J) 

Coefficient C(j) 


6SS2 


-(¥)■ 

0<; 

655 3 


-m' 

« <0 

655 3 ' 

Th'AjTi) 


0<s 

656 2 

(B pair 656 3 

SI X ■> 1 p&ir 656 5 

IBX K B parr 442 

eix*> 0 


0<{ 

656 2 

Hf+ei] 

B) pair 6S6 1 

S X « — 1 pair 6565 

IS X ><: B pair 442 
iQ /3 -*0 pair 656 4 

SX«0 


0<« 

656 4 

{S X » K pair 408 ] wiib i ^ 2 
®X» 0 


0<« 

656? 



0 <f 



TABLE I (Continued) 


No, 

Coefficient F(J) 

Coefficient G(g) 

660.1 

(S c = CO : pair 522 


661.2 

HI a = l,f: pairs 660.1, 655.3,662.1 
IS c = CO ; pair 521 

13 2 g A(a )[7 S i?(a) for transposed 
pair] 

g<0 

662.1 

0 No transposed pair 

. |[si„h(|l)-CC»h(^)] 

--3“p(-7). «<C 


Part 7. Exponential and Trigonometric Functions of f- 


702 

^„(/) = c’^'-Dfe-^''’ 

= (- )"r-‘^(4-)«'>7A(*) 



0 .V = (4r)V 

HI n = 0. 1, • • •, 9: pairs 704.0, 704.1, 
•••, 704.9 


704.0 

*(/) = e-*** 

-Jofg) 

i 

0 a: = (4 t)'/ 

0 pair 705.1 






TABLE I (Coflbnued) 


No 

Coefficient f(/) 

Coefficient G(£] 

704 1 



704 2 

^.(/) •= *'‘^(4r)(*« - J) 

Bx« (4r)‘/ 

'•Mi) 

7CM3 

*.(/) =* - - Sx) 

— 

7«4 

*<(J) « - (5** + J) 

a*-(4e)»/ 

M<3 

704 S ' 

♦iCf) - - - IOk* + IS*) 

B*-(4r)'/ 

i0»(s} 

704 « 

h<f) - - IS** 

+ Ml? - IS) 

B*-{4»)y 

-Ml) 

704 7 

^(/) « - - 2Ii^ 

+ 105*» - »03*) 

S**(4r)'/ 


704 8 

«.(/) =■ /*‘'’(4r)*(»* - 28*» + 210** 

- 42(fci? + 105) 

8*>=(4r)»/ 


7010 

4»C/) •= - *-‘**<4*)»{j^ - 36^ 

+ 375** - J2dat» + 94Si) 
B*« (4r)»y 

'Md 

703 1 

exp(- r/*) 

® fair 704 0 

exp(- *£>) 




TABLE I (Continued) 


No. 

Coefficient F(f) 

Coefficient G(g) 

706.1 

{x’ - 3)=exp(- i*-) 

E >: = (4r)’/ 

Cy= - 3)=exp(- ly’) 

0 y = (4T)*g 

1 

706.2 

(.V* - 14.x= + 21)=e.\p(- ix=) 

S.-C = (4ff)*/ 

(54 _ uy! + 21 )=e.xp(- iy=) 

0 y = ( 45 r)*g 

706.3 

(.r* - 33.v^ + 231.t= - 231)=exp(- ia?) 
S = (4!r)’/ 

(f - 33p + 231y"- - 231)=e.\p(- Jy=) 
0 y = (izpg 

706.4 

(.x' - 33.r' + 171.X5 - 531)^exp(- {s?) 
0 .-c = (4:r)*/ 

{f - 33y + 171y= - 531)=e.xp(^ Jy=) 
0 y = ( 47 r)^g 

706.5 

(x* - 60.V' + lllO-r* - 5340.'c= + 5265)-’ 
X e.\p(— 

0.r = (4r)'/ 

(y8 _ 60/ + 1110/ - 5340/ + 5265)= 
X exp(- \‘f) 

0 y = ( 47 r)*g 

706.6 

(.v’ - OO-V® + 990.V' - 4620.'c2 + 3465)= 
X e.xp{- ix=) 

0 X = (4x)>/ 

(yS _ 60/ + 990/ - 4620/ + 3465)= 
X exp(- iy=) 

0 y = (4r)*g 

706.7 

! 

x«Cf) = exp(- Tp) 

X iFi(- n; f — In; z-p) 

SI « = 0 . 1 : pairs 704.0, 704.2 

S! « = 2 . 3, 4: pairs 706.72, 706.73, 
706.74 

(- l)"Xn(g) 

706.72 

Xiil) = — 3 e.xp(— ix=)(x* — 6 .x= — 3) 
E.x = (47r)>/ 

XsCg) 

706.73 

Xj(/) = iV exp(- ix=) 

X (x« - 15.f' + 15.r= + IS) 

0 X = (4r)>/ 

- X3(g) 

706.74 

x«(/) = tIxCXpC- 
X (.xs - 28.1^ + 126.V' + 84x> + 105) 

E .V = (4r)>/ 

Xi(g) 
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TABLE I (Coflttnued) 


No 
707 0 


\P' exp{- T?/») 

BJ pair 709 0 

S n » 1 3 J 4 pairs 70S t. : 

708 J 708 4 
S/7 i pair 730 0 
B n a 0 pair 7C8 0 

jexp (- 
IS pair 710 0 
IS ^ < pair 760 

« 0 <#/} 

15 pair 710 1 
SS- i pair 721 1 
0/7^0 pair4<M t 

[p'expC- t$P) 

15 pair 710 3 

pair 721 3 


15 pair 710J 
S/3 » i pair 721 J 

|j-op(- ./(/>) 

15 pair 710 4 
@0= } pair 731 4 

[/>• txp{f{^) 

(5 pa r 707 0 

® n *= 1 3 3, 4 pairs 7101, : 
7103 7104 

S/) - l/(8r) pair 7200 
ISri « 0 pair 710 0 
@ R[p) * 0 




24^“'’(~§)*-(2w) 






<-H) 


1 







TABLE I (Continued) 


No. 

710.0 le.\p(p/)“) 


Coefficient F{J) 


Coefficient G(g) 


12S1 “’’(■£) 


I J pair 708.0 _ 

m p = i/(8x), l/(4r), ± i/(4T): pairs 
721.0, 705.1, 760 
I 0 p = 0 


710.1 pexp(a/^) 


13 pair 708.1 

El a = l/(8ff): pair 721.1 
E a -» 0: pair 404.1 


710.2 U’exp(a/>=) 


I pair 708.2 
I El a = l/(8r): pair 721.2 


710.3 p=exp(af=) 


® pair 708.3 
Ela = l/(8r):pair 721.3 

710.4 p* expCap*) 

® pair 708.4 
El a = l/(8ir): pair 721.4 

715.0 le.\p(«p’)iFi(- n; 5 - In; - afr) 

El a = l/(45r) : pair 706.7 
jj = 0: pair 710.0 


720.0 

721.0 

721.1 


4a) 

(-£) 


f? — 6ttg 
16 ir*a* 


| g< - 12gg» + 12a» 
325r‘a5 


exp 


H) 


p" e.\p(— iir/*) 

ji = 0, 1, • • 4: pairs 721.0, 721.1, 
•••, 721.4 

exp(- 

pexp(-^x/s) 


2r‘a‘ 4«; ^ 

(- l)"2’’+»r’"exp(- 2^^)Hr,{27z^g) 

= 2‘ exp(- n^Hn{g) 

= 2 ^ 275 " e.\p(— 25rg*) 

2* exp(— 2s-g’) 

- 2>rgexp(- 2 x£’) 
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TABL£ I (Continued) 


No 

Coefficient F(J) 

Coefficient C(g) 

721 2 


2*»<4rj* - l)wp(- 2»f*) 

72J 3 ; 


- 2*Hf(4rg* - 3)e*p(- 2rg’) 

72M 

4*/*) 

- 24.j» + 3)esp(- 2Tt«) 

72SI 


0<±B 


B pair 727 


1261 

I 




e pair 727 2 

3R(P)m0^ff 

1 Tlj, 0<*| 

726 2 

ip»p(- ,OT 



SI t -> 0 pair 70S 0 

ID|S-«0 pair4l0 

E3J?GS) « 0 + 0 

, (S Thie pair is a formal pair only, ob- 
j tamed as the result of Ibc k fold 

application of pair 21D to regular 
pair 70S 0 

1 

1 

727 

^<xp(pp») -i 

P P 

Tiof=(-^). <1<±£ 


Spaif 72S 1 

B /> = 0 


727 2 




1 S pair 726 1 

B p » 0 





TABLE I (Continued) 
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TABLE I (Gnttintied) 




TABLE I (Continued) 
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TABL£ t (Gxvtsflued) 


No 

Coeffiaent f(J) 

Ci>e(3iaent G(|) 

7451 

~ fip- 


I 


' S P *= 0 


7461 



f 


S P » pair 710 0 

S p •» — « pair 7S4 
Bp-Owa-O pair 727 2 



«pfp#*) - 

'"'(s') -*'"( 7 ?) 


P 


B p «• - a pair 753 
Bp»0ora»0 pair 727 l 

ISp ~ a pair 710 I 1 


TSl 


1 .,./*» r\ 

7?? \4a 4 ) 

752 

1 

cos(af*) 


75J 

sinfpp*) 

f 

K54')-K54') 

754 

««s(ap*) 1 

I p ~p 

0 < 

7551 

oosCap*) CosCaX*) 
p + X /> + X 



S X = 0 pair 754 
i IS a .= « paira 438 and 439 

+ wp(— taX’)crf^y^— - r'p'x^ 



¥ 2cos(aX.»)j. Q < ±s 
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TABLE I (Continued) 



Coefficient G{g) 




0 <±g 


± 


25r*a* 




2ir*a* 


cos 




cis[T 7r(g^ - J)3 
C0s[7r(g= - 1)2 
- sin[7r(g- - J)] 


Part S. Other Elementary Transcendental Functions of f 


801 j 

e.\p(— a’/)’) 

0 E(a) = 0 =i= a for transposed pair. 


[-§)■ 

0 <g 

S02 

pe.\p(— a*p') 

(f-s' 

\2g y 


0 <g 
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TABLE I (ContiAittd) 


No 

1 Coefficient fy) 

Coefficient C(g) 

S03 

Uo<- .If'l 1 

-“•(ji) “<< 

1 p p 


S « 0 pair 522 


SOtl 

1 

le — (j + Je)erf 

1 P‘ 

! , r«or~ •»#*) 1 1 

»— «L + #^ + nr)J 

SQ5 

expf I 

^ [l - «p(» 7 '»')eT(c^^ +n'i')j 

p{p + y) p(p + y) 


B*- 0 pair 542 

CSy« « par 803 

U Y 0 pair 804 1 

- r.p(- i7'»')erfc - tY'i* 

SOS 3 

exp(- 

expc - f Y V*)erfc ( ^ “ »7'8* ) 

+ exp(f7*.»)erfc^^ + 

0 <8 

^ + T 


@ IT » 0 pair 458 

S Y “ •* pair 801 

eoss i 

pexpC-o'p*) 

- ^ «pCsa'7*>erfc ( ^ + tl't* ^ 

p + r 


IBy ~ » pair 802 

B Y » 0 pair 801 

S Ji(a) =• 0 a tor transposed pair , 

+ e*p(- ia*7‘)«rfc^^ - S 7 **l 

805 7 

P*exp( -»'#.*) 

^e.Tp(i7*»*3erfc^^ + I7*i* ^ 

p + v 


E5 ^ B 0 pair 541 

B Y =• ® pair 806 

07 = 0 pair 807 

- «p(-- iY‘.r‘)eifc - «7*£* 
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TABLE I (Continued) 
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TABLE I (Cmtnued) 


El 17 = 0 pa r 542 
By M pa r 807 
Ey^O par 80S I 

pexp(- 


4-i'Kl +0P^) 

El « 0 pa r 545 

15 19 « pa r 805 7 

By « pa r 810 
B e « 0 pa r 805 5 
By 0 pa r 809 


\p' espl^a'p') 

I +/)?' 

B/S «• « pa r 801 
B ^ * 0 pa r sod 

0 J?(a) = 0 + a for transposed pmr 


|^exp(iy‘»*)erfc + ty‘i‘ ^ 
-e*p(- »y*»*)erfc^^ - 

0 <e 

(?+^) 


eil+^y) 

Xerfef 


;exp(- 


(5?+?) 

0<g 


®o» ft pii 5S\ 
Bd s* 0 pa r S07 


+ +^P') 

B 0 pa r 5a2 3 
By — 0= par85 
Efi ft par 8U 5 






i+^ 

X erfc 


(!'+?) 




TABLE I (Continued) 


No. 


Coefficient F(J) 


Coefficient C(g) 


816 


819 


820 


^*cxp(— g*^*) 


816.5 


817 


818.1 


(P + 7)(1 + 

S O’ = 0: pair 552 
0 jS = « : pair 805.3 
E 7 = « : pair 814 
E /3 = 0: pair 805.7 
0 7=0: pair 815 


(P + p)exp[— 0 :*(p + p)*] 

E p = 0; pair 802 

expC- a’(p + p)‘] 

E p = 0: pair 801 

0 i?(a) = 0 + a for transposed pair. 

c.N-p[- p*(p H- p)‘] _ esp(- p>g<) 

P ~ P 

E P = 0: pair 803 
E <r = 0; pair 548.1 


c.xp[-g*(P+ p)’] 


P + 7 

E p = 0: pair 805.3 
0^=0: pair 438 
E p = y; pair 824.7 
0 7=.“: pair 817 
0 p = “ : pair 438 


(P + p)'e.\pC- + p)l] 

0 p = 0: pair 806 
D o -> 0: pair 506 


T*g ''T evp(?7^g') _.f_ 

2i Ll-i^V 

1 + t)S’7‘ 


(|i + 'vV) 






X erfc ( 


0 <g 




0<g 
0 <g 


i e.xp(p*or*)erfc ^ p*^> + ^ ^ 

- e.\p(- p*(r*)erfc^ pV - , 


0 <g 


^ I exp[- a*(p - 7)'] 

Xerrc[|-,-(p-7yg‘] 

+ evpf(r>{p - y)ij 

^ [^1 + (P - 7)'g‘ j j , 0 < t 


0<g 
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TABLE 1 (Gmtjnued) 








TABLE I (Continued) 


Coefficient F(f) 


Coefficient G(g) 


Pvnr-gHo+p)*>exp[-T H^+p )^ 1 g-«rexp( 

823.3 L V yJ 

S<r=0orr=0:pairp.S 


0 <r = 0 or T = 0: pair 823.5 
0,^ = ooorT = ®: pair 823 
E tr = t: pair 817 

expC~ ~i~ P)*] ~ ^ 

(p + P)* 

E tr = M : pair 526 

0 (T = 0 


^.-[«p(-i)-l]. 0 <£ 


expf- <rH(>+ p)*] _ exp( p’l!) exp(p*p*)erfc f ph' + ^ ) 

— piFr^' P'P 2'’ L ) f,(-| 

E <r = 0: pair 547.1 + exp(-. p*a‘)erfcf p’g' “ j J • 

ra - — . A 


p{p + py 

E ff = 0: pair 547.1 

0 p = 0 

e expf - + g)*] 

E <r = 0: pair 529 

824.7 exp[-ay+ ^] 

p + P 

E p = 0: pair 438 

824 9 cxp[- pHP +.g)D 

(/> + 0 )’ 

E P — 0; pair 442 

R-)<i expC- pHP+ p)*] 

(p + y){p+ P)* 

El p = 0: pair 812.5 
E! p = 0: pair 546 
E p = 7: pair 824.5 
E 7 = « ; pair 823 
E p = 00 ; pair 438 




— p’ erfc 


(?■)]■ 


\e~^^ erfc 




'[(g + ^^)erfc(^) 


_i_jexp[-a‘(p- 7 )‘] 

X erfc - (p - 7)*g* j 

— exp[p*(p — 7)*] 

X erfc ^, + (p - 7)*g’ j I . 
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TABLE I (Conttnued) 




TARLE I (Continued) 



828.1 


829.1 


( (> + p)^ expf — gHp + p)*!1 
ip + t)C^ + Cf’ + p)*] 

El p = 0: pair 816 
SI cr = 0: pair SS2.1 
I -^ = 00 ; pair 835.1 
1 X = to : pair 822 
] p = to ; pair 438 
iij ^ — pi pair 830.0 
0 X = 0: pair 819 

0 Ri\) ^ - {i?(p) + Ui^)2 


ip + p)expr- o^iP + P)*] 


ip + ')')C^ + (P + p)*il 

0 p = 0; pair 813 
0 <r = 0: pair 545.2 
0 Y = « : pair 836.1 
0 X = « : pair 822.5 
p =: 00 : pair 438 
7 = p; pair 832.1 
„ X = 0: pair 822 
m i?(X) S - l^(p) + 


830.0 

Key 


cxpC— g*(j> + p)^] 


iP + p)*[X + ip + p)*3 

El X = 0: pair 824.7 
El p = 0; pair 815 
0 ff = 0: pair 551.5 
S X’ = p; pair 831.1 
0 X = « : pair 823 

Ri\) g - lJ?(p) + C/WJ)’ 


(p - \ expr- tr^p - v)*! 

2 1 X + (p - 7)* 

_ expfgHp ~ 7)*3 
~ X - (p - t)* 

exp(Xq* + X^g - Pg) 


+ 


X^ + 7 - P 
XerfcF^+Xg* j. 


0 <g 


(p _ y)e-''’ \ expro-Hp - 7)*] 

2 I X - (p - 7 )* 

. expf— ffHp ~ 7 )*] 

+ - X+(p-7)"“ 

Xerfc[^-(p-7)‘£‘]) 

X’ expCXg-^ + X^g — pg) 

X* + 7 — P 

Xe'-fc(^ + >^g’) 

e.xp(XiT> + X’g - pg)erfc (^g‘ + ^) ’ 

' 0 <g 


0 <t 
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TASLE I (CMtioued) 


No 

Coeifiaent F{J) i 

j Coefficient C(|) 

831 1 





S <r » 0 pair 547 1 


0<l 

8321 

«pr- + 

X + (p + t>y 




S p » 0 pair 809 

- Xexp(X7» + X»i) 



S 9 >» 0 pair 543 5 

B \ »> » pair 81? 

IS X » 0 pair 823 

BAWs - (ie(#) + r/(x)j|» 


0<z 

833 1 

r«pr-»‘(p + fl)n 
y> + fi)Cx + y> + e)^ 

?[-(^) 



ISX «> tr pair 824 5 

- exp^U* + Vji> 



IS « 0 pair S4S9 

IQ X ■ ee pair 824 7 

8aJ?(x)s-|if(4) + CW7l‘ 

X.*(^ + »!>)] 

(\<g 

8341 

txpf- Ap + S)‘1 

^ j^exptXr* + X‘£)erfc ( ^ + ^^‘ ) 


SX»0 pair 8249 

S 7 = 0 pair 553 9 

-(1+X»‘)erfc(^) 



IBX= «■ pair 824 5 

B3J{X)S- |A«J) + C/(X)?)‘ 

+ ^“p(-47)]’ 

0 <8 

8351 

(9 + oKp + pVT 

X + <p + ri* 


) 


B p =» 0 pair 814 

+ X* exptXa* + X»g - pg) 



S X = m pair 820 

IBX = 0 pair817 

X<*(^. + V) 

0<g 


E3 2!(a) = 0 ^ a lot transposed pair 
BA(X)S - iRW+a(x)7l» 
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TABLE I (Continued) 


Coefficient F(J) 

({) + p)expC- aKp + p)^ 

836-1 \+{p+ pV 

0 p = 0: pair 810 
(gl X = “ : pair 816.5 
[0 X = 0: pair 820 

m i?(x) = - i-K(p) + 

840.1 — exp(— XI pP — pI? D 

P 

El X = 0: pair 638.1 
El p = 0; pair 840.3 
0 R{\) g 0, R{p) = 0 


840.3 — e.xpC— alpj!) 

P 


j^expC- p1pI‘) 

13 p = 0: pair 523.1 


Coefficient G(£) 


X exp ^ ^ ^ exp(Xal ^ x’g) 


5r(p» + S’) 

r“~ — 

4:r‘(p + tg)’ 


[4(p + »£)J 


’4xHp - i‘g)’ 


[4(p-ij)] 




0 < dbg 
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table I (Continued) 


Coefficient E(/) 

845.2 cos(Xl/)P) = jimCros(Xl^l')c"®”’‘3 


845.5 !fl‘ sin(Xlpl')e~^'’'' 

El X = 0: pair 635 
^ 0: pair 843 


Coefficient G(g) 


[ ^ ( 2‘7rMg 1 ‘ ( 4 Ifi 1 ) 

^ 1 

87r‘L(3 + ^g)* + 

L_i 

^ [ " 4 (P^] [ 2 (/-ig^] 


845.7 sin{XlpP)e"‘’'’’' 


\{0‘ - g’) 

■ 2AP + g’)’ 


4 w *03 + ig)’ 


X" 

4(j3 + ig ) . 


, -o, mm 

0 X = 0; pair 634.5 x— A— evoF 

H p ->0: pair 845.9 4:rHiS - i‘g)* ' L 4(0-tg)j 

845.9 sin(XlpH) = j^^[sin(Xlf>l‘)c-'"’’'] aVlgpl^'^l^Iil) ~ 

E! X = 0: pair 505.1 

846 j;^sin(Xlp!‘)c-’’''' t2;rHp + ig)* [ " 4(p + tg) ] 

^ .r iX 1 

S p = 0; pair 846.2 X erf I J 

EX = 0 : pair 632 r V T 


E X = 0: pair 505.1 

846 T^sin(Xlp!‘)c-'''' 

\P\ 

E p = 0; pair 846.2 
E X = 0: pair 632 
m X + JR(X), Rip) = 0 
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TABLE I (Continued) 


No. 


848.1 


exp(- X!/>P - p\p\) 

S X = 0: pair 632 
p = 0: pair 848.5 
0 i?(X) g 0. i?(p) = 0 


848.5 


exp(- o;|/>l*) 


849.1 


849.5 


Coefficient F{j) 


l;)|^exp(- Xjpl* - p1/>|) 

El X = 0: pair 634.5 
El p = 0: pair 849.5 
0 i?(X) g 0, i?(p) = 0 


lpl‘e.\p(- a|pP) 


rr(p= + f) 


X erfc 


[2(p-'!g)‘] 


Coefficient (7(g) 


47r*(p + ig)* '^t4(p + tg)j 


47r*(P - ig)^ 


exp 




X sin I 


(iw) 

7r*(p + *g)* 87r*(p + ?g)’J 

f] 


lg)* 8;r'(p — ig)= 

X(p^ - g-) 

27r(p’ + g^y- 

5?-2VIIp[^"'^{25T7f)] 

^h(j&)-2Ri™(4Sr)] 
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TABLE I (ContiBUtd) 





TABLE I (Continued) 


jvjo. Coefficient F(/) 

853.1 "" 

13 X = 0: pair 641.1 
0 p = 0: pair 853.3 
0 R{\) g 0, R{p) = 0 


853.3 ||pe.xp(-al/.|‘) 


854.1 j^cos(Xl/>P)c“'"’' 

El X = 0: pair 641.1 
ID P -4 0: pair 854.3 


854.3 ||pCOs(Xlfl‘) 


Coefficient G(g) 


iStt* [ (p ■ 

+ 

- tg)’ (p H 

2 

- ig)* 


X exp 

[4(p + ig)] 

erfc| 

2(P 

__i_r 

1- 

2 


iStt* [ 

(p-ig)’ 

(p - 

»g)’ 

X exp 

\ 

L4(p-i£). 

jerfcj 

.2(P 


Xpg 

irCr + £-)* 


0 < ± g 

8?[(l3 + »g)^~ 03 + »g)’] 

pair 641.1 Xexpj- H 

pair 854.3 L ^ + gj J 

“ L (<5 - ~ iP- J 

■IJ’I'* ’'2i;^[(‘"2UT)’'"(4iei) 

”.'in[|?ii"»<’''''''>'"'’'] + (‘ + 2 h)“K5w)]' 


0 < ±g 
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TABLE I (Continued) 










TABLE I (Continued) 


No. 


856,3 


8S7.I 


857.3 


859.1 


M 

P 

SI 

Q 


0 0: pair 

l|J-sin(X|/,10 


860.0 


860.5 


Coefficient F(J) 


Mcos(Xl^l*) 

P 

= r lim Mcos(Xlp|J)e-^"’'’l 

Lb— 0 p J 


sin(XljbP)( 
= 0: pair 


-B|r| 

641.1 

857.3 




= lim I 

fl— oL p 

^pll^ZiP + p)* — (f + 

I p = 0: pair 559.2 
\ fi = « ; pair 654.2 
1 p = 00 or cr = eo ; pair 817 
_i p = c: pair 438 

c\p[— >.{p + p)U(> + 

(Z' + p)HP + O’)* 

E! p: = 0; pair 555 
® p = 0 or (T = 0: pair 861 
0 p = — c: pair 866 
Ep = O5oro’ = to; pair 823 
[0 p = tr; pair 604 

cxpl^tp ~ ti{p + p)*(^ + O’)*] 


ip + P)*(P + cr)‘ 


0 p = 0; pair 555 
0 p = — cr; pair 860.6 
0 p = « : pair 655.1 
0p = ooorff = ®: pair 823 
0 p = cr: pair 438 


Coefficient G(g) 


“';(5n4p) 

r'X . r X^ 1 

+ 403 + i^)J 

i\ . r X» 1 

4-*(/3 - ig)* L 4(d - ig) J 

-34F[“(iw) 


p(p-o)B-»^»J,ri(p-rr)gi(g+4p)*3 

£*(S+4p)* 

0 < £ 


p-‘'^>7oR(p - ,r)(g= - *■')»], X < g 


- <r)g»(g + 2p)il 

0 <g 
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TABl£ I (Continued) 


No 

1 Coeffic ent F{f) 

Coefficient G(g) 

860^ 

'expj;^p - «(#>> +**)*,! 

fin'k + M'Z o<i 

! 


j S ii SS7 

1 (S (I £3 ce pur 655 2 

1 


861 

'e»pr- xpHp + p)M 

- **>‘3 *<t 

P'(P+P)* 

0 par 563 4 
@ 0 « pair 807 

So«0 

8621 

- «p(- tp - 4i») 
S « *> 0 pair 553 S 

IB p • <e pair 206 

@p«0 

-l.tW->0'3) ‘<l 

8631 

sxp[~ x(p + p)*(p + *)‘3 ' 



- e*pi- *P -§*(»+») j 
Sx =< 0 pair 5S9 2 i 

B p *» — ff pair 865 1 1 

IBp*» « pair 817 

IB p = pair 604 

*<t 

864 1 

(p^y “I’C" 'll’ + 'i‘<f + ")‘i 

- «cpC- xp - Jx(p 4- •}] 
Bx = 0 pa r 561 0 

5 p = 0 pa r 862 1 

IS p 33 CO pair 823 

B <r = to pa r 820 

B p = e pa r 604 

Kp - »)e 

+WIc->)(i'->’W[. *<t 





TABLE I (Continued) 


No. 


Coefficient F(f) 


Coefficient G(g) 


864.5 


865.1 


866 


867 


867.5 


868 


&\p[_—x{p+ p)H/> + g)*] 


\(P + p)‘(/'+ <>■)*[(('+ p)‘ + ((> + <r)*J 
(g p = « or cr = M : pair 823 

0 R{p) = 0, p = tr 

|e.\p[- + y-)'] - 

@1 .f = 0; pair 556.1 
0 y =■ 0 

|evp[- .v(/)= + 3'-)*] 


J(p+^)a 


(p- + y=)i 

0 .a: = 0: pair 557 
0 y = 0 

le\pC- aip- - 

0 P = 0: pair 632 
0 Of = TO and p = TO : pair 710.0 


1 + g( 6 ~ — 


evpC- 


( 6 ^ - 

0 O’ = 0: pair 558 5 
0 /S = TO and a — m : pair 710.0 

|eNp[- oCp- - P^yi 


869 


(p= - ffiy 

0 0 = 0 : pair 558 
0 p = TO and O’ = TO : pair 710.0 

0 p = 0 . 

e\pC- xijP + y^)n 


+ y=)' + py-^ 
SI Of = 1 : pair 866 
0.V = 0:pair 575.2 
0 >' = 0: pair 606.1 


P ~ <r\E + X/ 

X /iCKp - o)(£- - *=)*], a: < f 


xyJiZyjg- - 
(£’ - x^y ’ 


/oCy(g^ - *’)»:, 


gplki[p(g^ + or)^] 
a-Cg’ + oc’)* 


x<g 


x<g 


\-Ag^ + <FyK,ip{g^ + c^y:i 

i^P 


-7i:o[p(g= + a=)‘1 




X<g 
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TABLE I (Cootmaed) 







TABLE I (Continued) 


No. 

Coefficient F(J) 

Coefficient G(g) 

871.3 

cosh[c(f + + m)*] 

!-c(X-p)e-“'+''>'7,CKX- 

■p)(c=-g’)‘] 


— coshCcp + ic(X + /i)l 

IS X = ;i: pair 622.1 

El X = — /i; pair 871.2 

4(p’-g=)* 

t 

kl <c 

871.5 

cos^xitP — #>’)*] 

r-^Forp(a?-g=)»:, 

|g| < lx\ 

(p’ - ^)‘ 

El * =: 0: pair 558 

E a: = w and p = «> : pair 710.0 

0 p= 0 

|iA'oCp(g’-^)»], 

1*1 < lgl 

872 

sin[o(X- — 

^/o[X(a» - g=)‘2, 

|g| <a 

(X= - /,=)» 


® pair 872.1 

El X = 0; pair 622 



872.1 

sinhfoC^' + X’)‘] 

§/o[X(a* - g’-)»]. 

|gl <a 

(J^ + V)* 

1 

0 pair 872 

El X = 0: pair 622 



872.2 

sinh[a(p + X)’(^ + p)*3 


g*)‘I 

Ul <a 

(P + X)10> + , 


El X = p: pair 622.1 

Si X = — ft: pair 872.1 


881 

tan->f- ^ ) 

\P+ pj 

^e~*'smXg, 

0<g 


0 pair 894 

El p = 0; pair 882.1 

IS X = 0: pair 438 

I2li?(p)< lJ(X)i 



882.1 

'““(?) 

1 . 

-smsg, 

g 

0 <g 


13 .r = 0 
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TABLE f (Connnued) 
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TABLE I (Continued) 


Coefficient F(f) 


Coefficient G(g) 


Pari 9. Other Transcendental Functions of f 



SI p = 0: pair 902.9 
0 X = «3 : pair 529 
l2lX = 0 

0 R{\*) g 0, R(,p) = 0 


903.0 e.\pC<r(p + X)’]erfcCp»(p + X)] 

0 p = 00 : pair 438 
IhI p = 0 

0 R{\) < 0, i?(p) = 0 













TABLE I (Continued) 





TABLE I (Continued) 



904.5 


c = 00 : pair 522 

+ p)l 


(p + P)’ 


exp 


X erf 


[x*(p+ p)‘]^’r' 


^ c"'’' cosh 




ip + p) 


ig X = «> ; pair 438 
Ie]X= 0 

0X4=- |Xl,2?(p) = 0 . 

M R(.p) - 0 for transposed pair 


904.7 


905.0 


0 No transposed pair 

by‘^''‘’[Mp+p)] 


+7p 


(p+ 




X erfc 


906.1 


906.3 


El p = 0: pair 902.1 
[0 X = « : pair 526 
IelX= 0 

El J?(X*) < 0, J?(p) = 0 


[x‘Cp + p)‘] 




pg- 


2g’\ 


1 


(P + p)* 


e\p((rP)erfcC<r(P + p)*3 


expf — p(g + <^)3 


El p = 0: pair 526 
[g = CO : pair 438 


1 


jerfc[.i:'(p+ p)'3 


(P + p)* 

I X = 0: pair 526 


7r*(g + <d)‘ 


1 


(irg)* 


0 <g 


g <0 


0 <f 


0 <g 


x<g 
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TABLE I (Continued) 


No. 


Coefficient Fif) 


Coefficient G(g) 


909.2 


e\p(crp)K,\'<r[p + ff)] 

P + P 

El y = 0, ± §, ± 1; pairs 913.3, 529, 
912.4 

El cr = 0: pair 524.2 with 1 s R{a) 

IS O’ = « : pair 529 
B3 (>’ + D an integer; o unrestricted 
by notation 


|-e\-p[- /Sfg + <F)J 
X sinh F y cosh~* I 


L 

= P(g + «^)3 


m] 

p + (g + 2o--)» p| ^ 


0 <g 


909.6 


909.7 


+ p)3 

E! y = 0, dh 1: pairs 912.3, 912.7 
IB » = 0: pair 524.2 
© 1 S jJ?(y)|, RM = 0 


r.[r(p + p)3 

P + P 

E! y = ± 1 : pair 914.8 
IB y = 0; pair 909.75 
Er = Orpair 524.2 
El y an integer; p unrestricted by no- 
tation 

IM i2(y) g 0, J?(p) = 0, y not a nega- 
tive integer 


(g* - 


cosh 


2(g^ - 


Mcosh"' ( - 


(g - x)* -f (g -b k)*!’” 


2‘.v' 


pi 




c-'’" sin 


['“"■' (-0. 


-[ 


(r - g)* + i(r -f g)n ’ 
2‘r* 


~ g)^ -b r(>' + g)n 


2‘r* 


ri. 


j 


U1 < r 


sin TV 
e 


'' e.\p ~ cosh"^ 

= ^»' .-»| ^(g-r)‘ + (g-br)» 


2*r* 


r 


r <g 


909.75 


^oL’'(P + < 3)3 

P + P 

El r = 0: pair 438 



|g| < r 
r<g 
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TABLE I (Continued) 


Coeffiaent F(f) 


Coeffiaent Gix) 


9098 


+ P)3 


=bl pairs 914 6 9099 
B r >= 0 pair 524 2 
E3 * »s tategu p uarestncted by do- 
ts tion 

I B il(F} £ > 1 R(p) a 0 p aot a 
I negatsvt integer 


909 9 


k.Co(#> + ^‘)3 


90991 


r^r;,[o(p + 


I B 0 e » pair 526 


910 5 


K[:x(p+fiU 

f+p 

B r » 0 ifc 1 pairs 915 1 912.5 
B X » 0 pair 524 2 with I ^ Jl(a) 





TABLE I (Continued) 
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TABLE I (Centiimed) 


No 

Coeffic «fit FiJ) 

Coefficient C(i) 

912 2 


expT— fid + r*)! 

^iS + 20‘ ' 

0<« 


[S,r » » pair 525 

S(r= 0 


912 3 

K^«(#.+ p}3 




@x = 0 


9124 

np(^p)Ki[^(p + iS)] 

p-k-o 

^e*<£+2^>)'«p[;-?(s+«*)3 

0<1 


SI r = 0 pair 442 
(E3 0 K « pair 529 



912 5 

KyTxtP + fl)l 
f> + p 


*<{ 


S X •- 0 pair 442 



912 5 

«xp{tf*p)KiCr*(P + 5)3 
. S tf » Q pai« 43^ 

I3«-ai eo pair 525 

(1 + ff‘)e*pr- 8(1 + r*)l 

1 r*l*tr + 2»*> 

o<* 



ir*' 



AlL*l? + PJJ 

*(e* - 1*)* 



S X = 0 pair 435 


913 

ll.,,., . t&Wf + WI 

, x,(*p)=;_n,( j j 

Kish 

e<l 

913 1 1 

K,Tx^p+e)^ 

p +0 1 

@ X = 0 pa r 438 : 

Qp~^0 pair913 

6“*' cosh ' 

=] 

x<| 
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TABLE I (Continued) 


No. 

Coefficient F{f) 

Coefficient G(g) 


Kp{a'‘p)Kti[_(F(p + P 

:xpC— /3(g + cT^)]cosh '■ 

-) 

913.3 - 

1 

p + 

0 (T = 0: pair 438 
[0 0 - = » : pair 529 

= 2 e-KpC— + 0^)] 

X logj^ 2»<r 

]. 0<g 

914.2 - 

r_,rc(/> + X)] f 

- g-)“-* 

Isl <‘^ 

{p + X)“-‘ 

:rl(2c)“-‘r(a) 


S « = i I. J. 1. f : pairs 914.4, 914.6, 
914.9, 622.1, 914.8 




h{xp) 

p- 

(>? - £’)"-• 

Isl < \x\ 

914.3 

r'r(n + ^)(2x)"' 


0 K = 0, 1: pairs 914.5, 914.7 
(H X = 0 




{p + X)'/_j[a(f + X)3 

(2a)*e~^‘’ 

kl <0 

914.4 

r(i-)7r*(o^ - fiV’ ■ 

914.S 

hixp) 

1 

kl < 1*1 

>r(x= - g’)‘ ’ 


in X = 0 



914.6 

h\a{p + X)3 


kl <« 

r(fF - g-)‘ ' 


0 X = 0: pair 914.5 


914.61 

c->^h[a{p + X)3 

-X(J-O) 

® n ^ (T 9/7 

rgHZa - g)‘ ' 



0 o = « : pair 526 

914.7 

h{xp) 

P 

-(.v'-g’)'. 

TTX 

Isl < l-'cl 


0 X = 0 




m 



TABLE I (CbfttiRMd) 


No 

Coefficient f(fi | 

Coefficient G(£i 





|r| <0 


SX»0 pair9147 




914 9 

Ar<jf^ + 1)1 



III <a 

Sp = 0 pair 914 5 
ISx= « and » i= « 
0 


ra)rH2n)‘(o*^rt‘' 

i»sCp(*‘ - s’)*! 


w<w 


pair 7100 

•V-rr ' 

915 7 

./.r*{^ - #»)n 


J^SIdCpC** - rt'l 

IjKW 

(»■-«* 



S 9*i 0 pair9U7 
IBx*«andp«« 
B3x» 0 

pair 7100 



916 

rSjTlU' + <')'] 




C/’-Tp'? 


V + d/ 



S p *■ 0 pair S23 

Bp — ”’ ^65 1 




916J 

(^|/^r2er(P - r«)n 

r<l/) 

itU-,R»r<e - t<in 

T<h\ 


(£* - r»)« 


S r » 0 pair 523 




916^ 

E,re(;? - P)‘1 


»’ir,r»Ii> + rt'3 


(fl» - P*)* 


+ •«/ 



S p s 0 pair 918 $ 

Eil « B 0 i»ir S58 8 
Bp » 2 rs pair 916 
0 p a» to and = » 

pair 7100 









TABLE I (Continued) 


No. 


Coefficient F(f) 


916.7 


(J2 _ ’ 


® r = 0: pair 916.8 
El r = s = 0: pair 522.5 
El r = J, a = }: pair 916.3 

© 3 = R{a) 


916.8 


El s = 0: pair 522.5 
© § = R(ot) 


Coefficient G(g) 


r<\f\ 


r'-r|g|/^i[2;rr(g^ - 5^)^] 

i°+i(g! _ 


lg|(g^ - 5^)°-* 
x‘--‘'s"+‘r(a) ’ 


•s < f^I 


s < Ul 


917 


KW - 

El p = 0 ; pair 918 

El p = « and tr = oo ; pair 710.0 

© (T = 0 


917.S 


(fi- ~ p)* 


SI O’ = 0 : pair 444 

IS jS = 03 and o = 03 ; pair 710.0 


917.8 


ly - p‘)'KiW - 

El p = 0 : pair 919 

IB a = «3 and p = <» : pair 710.0 


! 3 .vp[- p(g= + 
I 2 (g= + 


— exp[- ^(g* + 


+ p(g^ + 

2{g- + a=)« 


exp[- p(g* + a *)‘3 


918 


kMpD 

© c = 0 


1 

2 (g= + 0 ‘ 


918.5 


lpl‘->iv_,(alp|) 


® “ = it li f : pairs 918.8, 918, 632, 
919 

© (T = 0:ipair 522.5 
© 1 SR{a), R{a) = 0 


2°-<pO-ir(g) 
3r‘(g’ + o=)“ 
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TABLE I (Contuiued} 


Na 

CoefSacnt fXf) 

^ Oefficiefit ff{jl 


Kt(<,tPl) 

rm 



■ I?1‘ 

' SI » 0 pair 523 I 

|I .‘o’tf + »*)‘ 



IfiK.bIfl) 

a 


9T9 

|2(l» + c?)< 


919 5 


fnaW2x)-'» 

III < 1*1 

W < 111 


S) a = ) pair 914 5 

IS a = — i pair 9U 7 

'V-<*r 

ccs(.o)r(oU2*>*'‘ 


IS o > ) ft pa r 9U 3 

SI K » 0 pair 522 $ 

0 1 2 /?(«) 

.>(j> - >fi- • 

m\ 


p“p(-«-5) 

t><c 


Qcr- 0 



9ill 

(f + + *)I3 

'o(2? 

o<e 

922 I 

KT.I{S +!■)'] 1 


o<r 

(p + p)* «*ip + p) 


IB r « pair 438 



922 2 

K:,rr*fp+«>‘: 


o<r 

@ a 0 pair 438 




9231 

(? + >)* «pt:«r{p + + »»j 

IB ff a « pair 526 

Oa 0 

B H(X) < 0 Ric) = 0 


0<8 




TABLE 1 (Continued) 


No. 


923.2 

923.4 

923.5 

923.55 

923.6 


923.8 

Key 

923.85 


Coeffident F(f) 


1 


exp[cr(/. + p)‘3K5W^ + /S)*] 


{p + p)^ 

IS <r = 0; pair 438 
IS (T = eo : pair 529 

exp[<r(/> + p)’3K’of<r(/> + p)*3 

IB cr = eo : pair 438 
HI er = 0 


|expf- 

Sl<r = l/(2jr‘): pair 923.55 
Her = 0 

exp(irP;ii:o(jT!/|*) 


(p + p) 


^,exp[<T(p + p)^J 

X K'a-iCo’fp + p)’3| 

SI a = §, J, 1 : pairs 923.4, 923.2, 442 
IB a = J: pair 923.1 
IB <r = eo : pair 524.2 
IS O’ = 0: pair 524.2 
03 a an integer; <r unrestricted by no- 
tation 

0 i g J2(a), J?(p) = 0 

|p‘/-,(a/,*) 

So = •l/(4jr):pair 923.85 


Coefficient G(g) 


2M ^U’Ser/’ 


0 < g 


0 < £ 




exp(}Tg’)Ji:o(j!rl£ls) 

2lorH^»^»o-l 


o<« 


g* J ( g_\ 

Z^iT^a \ 4o / 




J27 




TABLE I (Contnued) 


Coefficient f(J) 


[y> + ] 

’'''•‘‘ISfVs 

k pa r 924 S 
SI ; 0 pair 924 2 

ISV« « pa.«5241 

= ioroa I pur 924 3 
S \ S R<a) 

0 

Bit < largX} Rtfi) =» 0 

Sla- ior{ } par«924 4 9246 
IQ e >■ « pa r 321 

-■ -m 


0<«O 


tp + 

XXj 

(S e « 0 pa r Q24 4 
«e pa r 526 4 
BX- 0 

B R(X*) < 0 R(p> * 0 

B s= « pa r 521 4 
0 

U* + ^[xtf> + rtl 


|2snjra 

(a)‘ 




>(f + P)| 


\,\iP 4- p) 

\K,\ 

p 0 par 924 6 
X »= ee pa r 526 
X « 0 

» < [argXl E(fi) “ 0 


'[»»+•)] 


■m 


0<f 
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TABLE I (Ccmunutd) 








928.S 


929.1 

Key 


El p = 0; pair 928.S 
[g X = “ : pair 524.2 
IiX= 0 

(ix={= - 1x1, Jf(p) = 0 

c = 00 : pair 521 
le\p(T^^)K„-iC'r°(^ + p)^(P + 


929.4 


930.4 


{p + 

a= 1: pair 860.5 
p s= oo : or 0 - = « : pair 927.0 
T = « ; pair 650.0 
p = (r: pair 911.1 
„ T = 0: pair 570.1 
El a an integer; t unrestricted by no- 
tation 

il i g jR(a), 72(p) = 0 or i?(cr) = 0 
,K^,rx(p + py(P + .r)>] 


(P + P)'“-‘(P + 

a = 1 : pair 860.0 
p = CO or <r = 00 ; pair 927.0 
X = 0: pair 570.1 
p = a-; pair 911.6 
l2l 4 g i?(p) = 0 or J?((7) = 0 

i^rr-iMP + ^)HP + M)^J 


0<g 


J. 




0 <g 


2“-5r‘ 


ng«“-‘(g + 2 t=)‘“-‘ 


■^"Hp - <^r 

X exp[- Up + <r)(g + T^)] 
X Io-iLUp - 


0 < g 


2““*ir< 




|*^‘(P - <^)'’ 

X /„-i[Kp - * < 2 


{p + X)‘»-i(f> + 

® a = 1 : pair 872.2 
SI X = p: pair 914.2 
Si X = — p: pair 930.5 or pair 930.7 


oc— . • 


|ff‘c^‘(X - P)“ 

X ^„-i[Kx - m)(c= - r)*]. U1 


131 










TABLE I (Continued) 


No. 

931.3 


Coefficient F(f) 


|(f, + p^Kr^iLxip + p)lKr.iZx(.p + p)] 
J X = 0 : pair 524.2 

ljR(>-)l,i?(p) = 0 


gi(g2 _ 4^)J 


933.2 


ip + \)'I,taip + \)lK^iia(P + >^)3 

El 0 = — 1 , 0 : pairs 909 . 91 , 914.61 
a t= 05 : pair 526 


Coefficient G(g) 


cosh 


[2.cosh->(l^)] 




X 

+ 


2igJ(g5_4^)» 

(g — 2*)* + (g + 2«)* 1 ’ 

2? J 

]l-2x)l±ig±2^]-*' 

2? J 




)■ 


2x < g 


937.0 


(- 

(ixg)‘(4o^ - fi')* 

X cosj^ i2v + I) cos 

(- DV’^" 


-(i)] 


ip + >>)*[Ir-iZaiP + \)lI-,-iZa{p + X) 
- Iri-ilaiP + >‘)]^’-K+}Ca(f’ + >‘)]1 

HI f = r db J: pair 933.2 

E! y = ± », ± f; pairs 914 . 61 , 909.91 

IS 0 = CO : pair 526 


(2;rg)*(4a» - g*)‘ 

p2a4-g)* +^t(2a-g)> J^ 

(2a + g)* - t(2g - e)^ 


2 a* 


J 


I 


0 < g < 2a 


^^c.s[2.eos-(fJ] 


^ 

n-*g* ( 4 a’ 

2 »e' 

,r*g*( 4 a’ - g’)* 

(g — 2 a)* + (g + 2 a)* T 


.-Xp 


2a* J 

(g - 2a)* + (g + 2a)* Y*' 


2a* 


ri, 

0 < g < 2a 
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TABLE I (Continued) 


No. 

Coefficient F(f) 

Coefficient G(g) 

940.1 

expi4i^p)I^i{‘FZ(J> + p)* - (/> + 0-)* J} 

expC— Kp + <r)(s + 4t^)3 

Key 

X + p)* + (i> + O')*!?} 

gHs + 8t=)* 


El a = 1; pair 859.1 

Ml p = CO or cr = <x>: pair 817 
[@ T = M : pair 926.0 

10 p = cr: pair 911.1 

10 r = 0; pair 576.1 

El or an integer; r unrestricted by no- 
tation 

X I,a-t3(p - cr)gHg + 8r=)«3, 0 < g 

940.3 

^a-i{x[(P + P)* -(P + 

[Up - <r){g^ - 16:r=)i] 


X + p)* + (^ + <r)*Jl 

(g' - 16x-=)» 


E! a = 1 : pair 863.1 

llp = CO or cr ~ co; pair 817 

(0 a; = 0: pair 576.1 

10 P = cr; pair 911.6 

4a; < g 

941.0 

(fP - /P)*'ir,Wp* - /P)‘] 

El V = — -n-, — 1, — — 41 0, 1 

pairs 867.5, 917.5, 868, 916.5, 917, 
867, 917.8 

0 p = 00 and cr = 00 : pair 710.0 

0 P = 0; pair 918.5 

0 cr = 0; pair 569.0 

0 Ji(v) S - 1, i?(p) = 0 

Isl 1 S iJ(p) = 0 

cr'p"^-’ii:,+,rp(g’ + 
l2rr)*(g’ + 

942.0 

/,_„Ca:(p= - p=)il 

(** - g*)*“-‘K,_„[p(Ar' - gnn 

1 

1 

(2Tr)‘Af’“‘p“-‘ 


®« = il,J: pairs 915.4, 871.5, 915.7 

Isl < 1*1 


0 AT = 00 and p = 05 ; pair 710.0 

2* cos Ta , . I 


0 a; = 0: pair 569.0 


0 or = n -f pair 930.6 

X iCj-„[p(g* - at)*]. 


0 P = 0: pair 919.5 
®4g7?(cr),J?(p) = 0 

r*l < Igl 
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TABLE I (Continued) 


No. 


952.1 


952.3 


952.4 


Coefficient F(f) 


SI a = i 1, 2: pairs 924.4, 902.1, 902.6 
SI c = w ; pair 521 

0 O’ = 0 

0 = R(.cc) [2 g i?(o!) for transposed 
pair], R{<r) = 0 


1 


(P + P)‘“"* 


Di. 


[4X(p+p)] 

- 1 


■“[x»(p + p)‘] 


SI « = 1, f, 2, 3: pairs 904.2, 926.3, 
904.1, 653 
SI p = 0; pair 9S2.S 
10 X = w : pair 524.2 
0X = 0 . 

0X+ - |X|,i?(p) = 0 
0 S i?(a) [3 S R(,a) for transposed 
pair], R{p) = 0 


1 


‘^''P[4x(p + p). 


]1 


(P+p)*“"'''L4X(p + p) 

^l^'“[x‘(P+\)*] 

■^^~“[x»(p + p)‘ 

S! « = i, 1, 2: pairs 926.6, 651, 904.5 
SI p = 0: pair 952.6 
10 X = 00 : pair 524.2 
0X = 0 

0X+ - |X|,i2(p) = 0 
0 4s i?(a) [2 S R(a) for transposed 
pair], R{p) = 0 


Coefficient G(g) 


'i4(2P'-e.p(-2a), 0<£ 


2Ja— ! 


r(« - 1) 


sinh > 0 < e 


2^“ 

rw 


e-Pi-gJo-t ^ . 


0 < g 


137 






TABLE I (Continued) 


Sa-l j 3 pairs 9014 9264 6534 

B e = oa pair 52i 

S ^(") for transposed 

““ p“-(-i5)['>- -(3?) 

®«“ i 1 pars9267 6522 
» pair 521 

- f*(«) for transposed 


Coeffiaent C(g) 


5S31 “p({^p)r'^C»(p + 

® «“ } 1 pairs 9U 3 9071 

@<re « pair 524 2 

Q ^ 0 

B 1 5 ;j(«) ji(,) „ 0 

2 pairs 911 4 9061 
““=•1 par526 
B <^ = 0 pa r 526 
B = » pair 524 2 
B 3 S Jl(a) Ji(ff) = Q 

533 7 D^C^<rp+^),j 

i pair 911 7 


a!!:i«Er^.£fi+i»»)T 


t_ » eapr- flfg 4- 1, »17 


_t*g 



TABLE I (Continued) 



139 





TABLE I Continued) 


No 

Coefficienf F(f) 

Coefficient G(g) 

95S6 

rfor i'cCP + X)] 

- g”'er*' - « < S < 0 

(^+xr 


S « = } 1 pairs 907^ 605 1 

Q n paif 525 2 


955 7 

5^.r[..a.+,a 

*<« 


~ 1 0 i pairs 903 3 9583 
9063 

Q 3 = 0 pair 524 2 ' 

B R(»i S 0 X < <J ! 

01S«W A<p)-0 


955 9 

r[i - « + p)3 

S « " i 1 } pa ra 907 3 958 3 907 5 
(51 f <■ 0 pair 324 2 
lEI 2 S 27(a) fi(pj » 0 


r(«)r^'g ’ 

9561 

(P + + ^)] 

c<, 





Sa» i t 1 pa(s90SO 9591 902$ 
S p B 0 pair 956 5 

IS X e <0 pair 524 2 
®X = 0 

'ISR(X‘) <0 ^(p)-0 (a- J) an 
intrKf 

0*-<|argAl ^(p)«0 (a-J) 

not an integer 

IS 2 S 27(<i) £27(a)fortraiispose(] 
pair] R(p) « 0 2i(X») => 0 






TABLE I (Continued) 
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TABLE I (Continued) 


No 

Coeffiaent F{fi 

Coefficient G(t) 

•956 T 


r(<x~i). /2r»\ 


1,2 pau«65S2.6S4S 

S S } for transposed pair 


956 S 


«<» 


1, i 2 pair9 901 7. 6SS 3, : 
90131,6516 

IS i for transposed pair ; 


9571 

1 

B , • - i 0 i J, 1 pairs 903 3 
959 5 957 2,9031.«2 

IB e « « pair HI 
ta e " 0 pur 521 2 

Q r a positive lateser, e unrestricted 
by notation 

B (J — r)aposmveiatefer,i?{e) + 0 

1 fi unrestricted by notation 
iB}s;eW j?(r)-o 
laws-i J2W-0 ;2{e)-0 

1 v not a positive integer 

0<f 

1 

957 2 

+ p)*jrri, e(p+^)’j 



1 G 7 s (s pair 142 

1 IS e = 0 pair 526 

1 0<| 

957 3 

expt^Cp + p)‘]rCl ~ a, r(f + p)*3 

S o * 1, f paire 953 5. 903 5 

IB a 1 pair 903 0 

IBe« « pair 524 2 

0 <r = 0 pair 524 2 

2**"* / 

i’*'Vr(2a-l)”'’V 4e/ 

='■>(“- ‘ 0 ’)- “'=* 


lu 




TABLE I (Continued) 


No. 

Coeffident F(f) 

I Coeffident G(g) 

957.5 

e.\p(— o’p=)r(i, o4|pl0 

0 0 = 1/(4t)*: pair 957.55 

0 0 = 0 


|g|’\ 

4(4 J 


957.55 

exp(jr/’)r(J. x|/|’) 

exp(xg’)r(J, ir|g[*) 



958.1 

exp(7=p)Ei['y=(p -b p)] 

expC- pCg + 7®)] 


0 <g 

g + 7^ 



0 -y = “ : pair 438 


958.3 

Ei[a(p 4- p)3 

ip-'', 

g 


a <g 

959.1 

‘ e:p[ ‘ lEif ^ 1 



0 < g 

P + P ^^LMP+p)J L^(/>+p)J 



0 p = 0: pair 959.2 
® X = « ; pair 438 

0X= 0 

0 T < |arg X], R(p) = 0 




959.2 




0 < g 


9S9.5 


961.1 

Key 


0 <T = 0 

expKp + p)-]Ei[<r(p + p)'] 
IS 0 - = » ; pair 442 

0 (7 = 0 


^exp(-pj-Qe,r(^,), 


1 


;expaa^P)lK,_„.,H[a=(p + p)3 


(p + p)', 

El a = 1 : pair 955.1 
0 »' = i, -J: pairs 953.1, 953.3 
El y = {a: pair 955.3 
E! >’ = + ) : pair 524.2 

E! y = or; pair 911.1 
IS O' = 0: pair 524.2 
IS o = « : pair 524.2 
0 (2y — ot) a positive integer; o un- 
restricted by notation 
0 1 g JJ(y), R(p) = 0 
0 .R(2y) S R{a), R{c) = 0 




0<g 


o"'-T(a) 


0 < g 
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TABLE I (Continued) 


No. 

Coefficient F(/) 

Coefficient Gig) 

964.1 

1 -.._l 

r 1 1 

1 


(P + p)“^-* *'L2X(f>+/ 

X —or— ft <t— 

>)j 

r_ 

X'r(2a)r(2/3) ^ 

0 < 

L HP + p) J| 




Sa = |or^ = pair 956.1 
El a = pair 964.6 
E! or + /3 = pair 924.1 
Ela-j5= ±}: pair 952.0 
E! p = 0: pair 964 3 
E X = 00 : pair 524.2 
ilX = 0 

HI J?(X<) < 0. R{p) = 0, (2a -2^3 + 1) 
an integer 

HI r < largX|, R(p) = 0, (2a — 2/3 
+ i) not an integer. 

HI J S i?(a + i3) K g R(a + fi) for 
transposed pair], R(p) = 0, 
J?(X‘) = 0 


964.3 


( 2a^p) 

Ea = Jor^ = pair 956.5 
E a = /3: pair 964.7 
E a + ^ = i: pair 924,2 
E a ~ /S = rfc J: pair 952.1 
E cr = CO : pair 521 
HI <r = 0 

iI5Si?(a + /3)Kg 2?(a + |8) for 
transposed pair], i?(o-) = 0 


crr(2o)r(2/3)^ 



9 < g 


964,6 


1 

ip + p)"-‘ 



1 


Mp + p) J| 


x‘[r(a)]=‘ 


’f-'K, 


Ea= 1, 1 : pairs 924.5, 959,1 
E p = 0: pair 964.7 
E X = CO : pair 524 2 
HIX= 0 


©r < largXi, i?(p) = 0 

§ R{a) [-J s R(a) for transposed 
pair]. Rip) = 0, i?(X*) = 0 



0 <g 
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TABLE I (Continued) 


No. 

966.2 


966.25 


97LI 

Key 


973.1 
Key 

975.1 


976.1 

981 

982 


Coefficient F(/) 


l/>|.’°"’exp(- 

III <r = l/(47r)l: pair 966.25 

HI « = 41 1" pairs 923.5, 957.5 

IS a = pair 523.1 

IS ff = «> : pair 522.5 

IB a = pair 903.4 

IB <r = 0: pair 522.5 

Isl J S R{a), R(a) = 0 

Hlcr “ i, 4 , |i pairs 523, 923.55, 
957.55, 903.45 

rCa + I. 7(P + fi)2 

H a = ^: pair 975.1 
® « = 1 : pair 976.1 
0 7 = 0: pair 524.2 
0 7=®: pair 524.2 

r(p + J3 + l)f(F + J3 + 1) 


|V'<‘>C7(P + /3)] 

0 i = 1: pair 976.1 
0 7 = 0: pair 431 
0 7 =®; pair 431 

I'l'lniP + (5)3 

0 7 = 0: pair 442 
0 7 =®: pair 438 

r/5— o\j3^ +PJ 

- /o) = - lim [ — - - ^ — 1 

TTfl—oL^ + (/ - foY i 

0/o = 0: pair 981 


Coefficient G(g) 


XlK,_^.w(^) 


|gr“->exp(i;rg^)IK,.,„. i-„(T|g|«) 






7“+T(a+ 1)|^1 -exp^-^jj 


.0<g 




|exp(e“‘’) - 1 

(- l)*-»g*g-'’" 


7‘+-[l -exp(-^)j 


ge 


.-ft 




0 <g 


0<g 


cis(2r/og) 
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TABLE I (Continued) 


No 

Coefficient FiJ) 

Coefficient G(f) 

OSS 

;is[j>+(/-«' ■'■/p+u+w] 

iB/i => 0 pair 98t 

2cos(2s/4) 

984 


i2 «in(2s/t{} 

98S 


-»2»i 

98d 



987 

*.,(/) - J«C(1I/I + V + 



Part IQ Potcner Strttt Jar CaeJUtentt Gif) mth ?tnod 2» 

tij) II « I 111 ( •'fi ch v*a (h<« fartll«ahK*cl/<i«pcB(enI}’ crrtt oof the peiAt>/~ *^r * • 0 
:b 3 for which bvcamn mSa (cud cov«r« (be lia t« ma<(>X' «9 
It pulatcd twlow Bolh A, ind b miy be conpiti 


1001 


I h \* V 
I 1'’ 25 3*' 
I B c ;^)c 


»• «^'"'eosChsm;) +M***'wn(h»in|) 
» cosh t + smh t 
= cosh(h cos fJcosCX sin j) 

+ isjnh(X cos;)sin(X smj) 

+ smh (h cos r)cos(X sm i) 

+ s CDsh(X cos j)sin(X sm {) 

= itwsh * + cos s) 

+ jCsmhS + 8inf) 

+ }(ccish# — cos*) 

+ K^mh f — sin x) 




TABLE ’ I (Continued) 


No. 


1002 b. 


Coefficient E(/) 

X.V V . 

1' 2 ’ 3 ' n ’ "* 

I B s = Xe'o = = t- 1)> 

1 < M 


log(l s) 

= — 5 logd — 2X cos g 4- X') 
... X sin g 

1 — X cos g 

= — 2 log(l — i*) + tanh~* s 
= ~ i logd — 2X' cos 2g 4-'X‘) 
X’® sin 2g 


1003 1,X,X*. •••, X", ••• 

BA = (1 - r^y 
+ 4r(cos g — f cos e)(r cos g — 
Bs = Xe'" = rc^+'',i = (-!)< 
0 1 S 1X1 


cos 8) 


Coefficient G(g) 


+ tan“‘ 


1 — X^ cos 2g 


1 + X^ 

, ^ , 2X sin g 

+ tan-> 

= — 4 log 1^(1 — r^y + 4r(rcosg 

— cos 8) (cos g — r cos 8)J 

+t4 tan-’ O-r cos g) 

l—2r cos g cos e+r’* cos 2g 
+ji 2rsine(cosg-rcose) 

1 — 2r cos g cos e+r' cos 20 
2r sin g sin 8 


+ tj| tanh"’ 


1 — 2rcosgcose + r’ 




X sin g 


l-2Xcosg+X= 1 - 2Xcosg+ X» 

. — I 1 £ — 

1 - 1 - s* 

1 


1 


- a‘ ^ 1 - 


2‘ ‘ 1 - s‘ 




+ 


r.t-i 


1 -s» 

_ A + (1 — r-)(l — 2r cos g cos 8 + 

2A 

. rsing[](l + r^)cos 8 ~ 2r cos g3 


+ i 


+ i 


r sin flC(l 4- r^)cosg — 2rcos 6] 


.j r(l — f-)sin gsin 6 
A 
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TABLE I (Continutd) 


j CoeffvatRt P(J) 1 

1 lx ' 


2 2 4^^ 


0«=>X<« 


@1< |X| 



|(1 - fP 

i-Xcosg-Kl-2Xcwf + \«>n » 
2{l-2Xeosg + X«} j 
L rxcott-i+(i-2xo»g-fx*)n * 
^ 1. 2(1 - 2X cos J 4- X’) J 

«Kr-g) , . smK«--g) 


[2 5ia is? ' ' C2 sm ij]* 
iSX •> 1 


Part ll Canlovr InUgralt Paths Parallel Real Arts 


A fsuf fU) C(i) w th inttgatofl Vau/ •• ib *■ — u/UO >» U >* the ume »• a paix 
»^C(*) in Parti 4-tO TbewawpoiKlpa ~ g + i* th tie p*fh of 

uit^tiOR (long tX« nal u t of / 










TABLE I (Continued) 


No. 

Coefficient F(/) 

Coefficient G(g) 

IIOS 

P 

i 

cosh Xg, 

0 <g 

p"- - 


0 c — t| » 1 to c + 1| =0 1 ; |i?(X)j < c 
® pair 449.1 with pair 448.1 

SI X = 0: pair 1101 with k = 1 



1106 

1 

- ef‘^ 

0 <g 

(F - >)(P - 

X-#i ' 


0 a: — ij » 1 to a: + t| “ 1 : F(X) < x, 
R(y.) < X 
® pair 448 

0 ^ = X: pair 1102 with k = 2 

0 /I = — X: pair 1104 

0 a: = 0; pair 448 

®X=«orfi=«: pair 1102 with 
ft = 1 



1107 

1 

P 


0 <g 

1 

1 

X - /x ’ 

! 

1 

i 

1 

0 X — i| « [ to X + i[ 00 1 ; R(\) < X,I 
Riti) < X 

® pair 449 with pair 448 

0X = 0 or ft = 0: pair 1102 with 
ft = 1 

0 M = ~ X: pair 1105 

0 .X = 0: pair 449 



1108 ' 

1 

1 

/>" 

r(a)’ 

0 < g 


0 C — 1 1 05 1 to C + < 1 » 1 

0 pair 524.2 

0 or = ft: pair 1101 

0 c = 0; pair 521 
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TABLE I (Continued) 


No.- 


Coefficient F(f) 


Coefficient G(g) 


Part 12. Contour Integrals. Closed Paths 

The fetters/, g and p are complex quantities not restricted as in the table of notation. These pairs, 
cannot be transposed by pair (217). 


1251 

1 


P‘‘ 

ik - 1)! 


0(0+) 

IS i = 1: pair 1252 


1252 

1 

P 

1 


0(0+) 


1253 

1 


iP - 

(k - 1)! 


IS(X+) 

El X = 0: pair 1251 

Ell: = 1: pair 1254 


1254 

1 

p~\ 



E(X+) 

0X = 0: pair 1252 


1255 

1 


1 

1 

■fc 

X — P 


E(X+);p 

IS /» = m : pair 1254 
lip = X 


1256 

1 


(p — \){p — p) 

X~ ft 


E(X+,p+) 

S! X = p; pair 1253 with k = 2 

I3X = eoorp = w: pair 1254 

= ^ cJ'^+'-’^sinhCKX - P)d 

A — p 
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TABLE I (Cbotiflued) 


3(X+ <«-) 


€0 pair 1354 


X-M 

■r— e'*+*''cc»KC4(v-M)j3 


5(- l-Jos# 0+) 

! » = — > pair 12 j1 
i 9 a ptsi&ve integer or aero 

(p^xy 

e<- |«i«« x+) 

5X»0 pvrUSS 
G r o — 4 pair 1253 
6 r a p»tUv« int.«g«f or nro 

- W'<? - »)' 

0<X+ 

Sr« - J pair 1257 
QX« asor^* * pair 1259 

Gp 

G r a positive integer or zero 

I<— [ OB (os 4 X+) A 
[»-=-! pair 1255 
[a* « pair 1259 
Ia“X 

1 r a positive integer or zero 
|(p - xr(p - a)’ 

B(- l-icwf X+ A+) 
pair 1259 

iB r •» — 1 pair 1236 
I ]g X B es or A => <e pair 2259 
I @ » a positive integer or zero 


(9 C{t) a defined only {or tfie domain 
larsf + «} < ir 


(B C(£) IS defined only for the domain 
(»rs2 + f| <ir 






(B If A IS not an integer CCg) is defined 
only for the domain 

largg + 8| <iT 


} If » IS not an integer C{i) is defined 
mly loT tVit domain 

larig + «! <iT 




TABLE I (Continued) 
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TABLE I (Continued) 


No 

Coefficient F(f) 

Coefficient G(g) 

ms 

B0t+.^+) 

S(t - X pair 1264 

1(^-0 

1269 

’Am) 

tl 

S 


(0 (— 1 « (cia 0, X +), p 

(S G(/f u defined only lor the domain 


Bp » X 

large + 0| <iT 


Part i3 Contour Inltgrals PaSkt tMifi A rbtirary End Potnis 
Tli« mluated indefinite int«(nl b (atnWed in the Cit) eoluinn Arb tniy upper 

•nd lover tun taef incegntion/ttnd/ ere andersood The Ictien/ foot pan complex qulocitiee 
not lettrieted u m the table et noutton Tho* p* n onnoi U inn»t«ted ^ pair I2t7> 


1300 

F(J) 


1301 

PW) 


1301 


aiWa)CiS g) 

1303 

«»(- 

ca. t - 3.) 

1304 

crr/.x) 

(S The coefficient C(f, g) must be the 
indefinite integral of some par 
ticular coefficient F(/) 

icrad'/sist/. « - ca t + M3 

130.3 

V,F.±P,F 


1306 I 

r 1 

0,-'fi‘-»2rJ Pd/ i 


1307 j 

n-n 

-C(-/ -g) 


tSd 






TABLE I (Continued) 


No. 

J30S 

1309 

1310 lA 


Coefficient F(f) 


Coefficient G(g) 


I « = 0; pair 1309 


1_ 

Hi £ = 1: pair 1311 


fp 


1312 y 




1314 W* 


SI y = «! pair 1308 

S y = — pair 1310 

SI y = - pairs 1313, 1314 


1 


131S 


1316 


1317 


cos vp 

® y = 0: pair 1309 
sin vp 

y = 0: pair 1308 with « = 1 

hpo^y) 

[ ® X = 0: pair 1309 


(zLi)!«!£l' fi _ + . . . + (rill:] 


e" 

\i2iTg 


t2r(fe - 


+ e" 




1 ! 

IPS ' (psy' 


Et(- Pi) 

Hr 

- r(y + 1, - j>g) 
i2ri- g)H-‘ 


er!c(ip^g^) 

2a-*g* 

cos yp + y sin vp) 
i2r{g^ + y*) 


(fe-2)n ] 


l e^’jg sin vp — V cos vp) 
t2ff(g* + y=) 


X57 















TABLE 1 (Cbntmued) 


No 

Coefficient F(f) 

Coefficient (7(f) 

1318 

'p exp(>^-) 

^ SI X « 0 pur 1308 with n ^ 1 

1 

-5OT“'’('s)"''(’f^'+S) 

, exp(pg + \p>) 
t4eX 

1319 

1 

ixpfXpt) 

SI X » 0 pair 1309 

1 

. exp(Xp‘ + pd 
*2rf 

1320 

< 1 

^exp(Xp‘) 1 

S X *> 0 pair 1313 

^„p(-g)crfc(.rti+|,) 

1321 1 

log^ 

i2»{ 

1323 

1 

erfcfx*^) 

SIX - 0 parl309 

5Lj,^*(xy) 

1323 

E.(X#) 

1 SI X “ 0 pair 1309 

^le»&(Xpj-EiC(X-t)plj 

1324 

r(» X^) 

S » = 0 i pairs 1323 1322 

B X = 0 pa r 1309 

Vf) 

-(^)-rC, ,x-,wj 


ISS 




Explanation of Table II 
{Condensed, from the text) 


This table illustrates the application of the Table of Fourier Integrals 
to practical problems calling for the determination of transients in 
time or space. Table II lists 39 physical systems in the second column 
and three causes in the first row, namely, a unit impulse, a unit step, 
and a unit cisdid multiplied by a unit step. The mates for these three 
causes are given by pairs (403.1), (415), and (440). Multiplying 
these mates by the admittances, given in the second column of Table 
II, gives coefficients for which the mates are found by the use of Table I 
in 85 cases out of the total of 117 cases. The number of the pair used 
for each transient is given in the lower left-hand corner of the square 
containing the transient. Given the admittances, each of these tran- 
sients is thus obtained essentially without further analytical work by 
looking up the proper pair in Table I and substituting the physical 
notation. Further details will be found in the text. 
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TABLE 11 — ADMrrxANCEs of 
Sectton 1 


Ko. 

Admittance Yip) 

Illustrative System 

Cause aiuA Effect 

Cause Unit Impulse® &«(/) 
Effect SW(P) 

W3 I 

1 

LC{p ^ Px){p ^ pii 

Inductance L and resistance R in senes 
with parallel combination of capaaty C 
and conductance G Cause Vottage 
across terminals Effect Current 
through network 

1 “• (AC + LG) ± A 

All ' 2LC 

A - V(i^-iGy*“4iC 

jE{Cpi + G)r" - (CPt + G)e^‘J, 
0<t 

443 44» 



SIHHIi 

i 

rM-sxp[-jV(f + ,)t-^] 

Semi iflfimte smooth line (resistance R 
inductance L conductance C. and capac 
ity C per unit length) Cause Initial 
voltage Effect Voltage at distance s 
from end 

e = CiO-». k - (L/O*. « - R]{2L) 
5«C/(20, P’^a + 0. fa-p 
VP -(,/.)■ 

+g«-' /,(«). i<i 

601 363 1 

A 

* '(> + p + e 

X exp - 1 V(p + p)' — j 

Same as 3 except Effect Current at dis 
tance jiirom end 

+ je'"[jv.W -•««)]. 

*</ 

V 

601 864 ! 







AND Transients in PHYsrcAL 
Time Varialle. 


Cause: Unit Step (0, 1) 
= g)_i(0. X = I 
Effect: ^lY(p)lPl 
415 


1 

i? + G-* 


Cpi + G 
^Pi 

Cpi + G j,, 

Api 


448, 454, 415 
CS'o(0 ■f' 
403.1, 415 


By Bpbstitutins {Po ~ a) for Pc, 








TABLE II 









(Continued) 


Cause: Unit Step (0, 1) 
Effect; 


Cause: Unit Cisoid X Unit Step (0, 1) 
Effect: ^Ci[Y(p)l{p — ^o)] 


l[exp(-yV2P)erfc(^^- 

exp (yV2flerfc(^,+ V2»)]. 


+ 


818.1, 415 


0 < / 


c'*' l^exp (— y V2^ + po) 

X erfc ^ — ■'/(2/9 + po)^ 

+ exp (y^2p + pa) 

X erfc + V(2/3 + Pa )^^ , 0 
819* 


<t 


X l^exp (— y V2/3) erfc ~ V2/3/^ 
~ exp (y'Jlfi) erfc^^^d- 




0 < < 


821.1,415 


+ j^exp ( - y V2^ + ^o) 

X erfc ( ^ - ^(2p ~+Pa)^ 

— exp (yV2i3 + ^o) 

Xerfc(^+ V(2|8+Po)<)], 0</ 
'822* 


j^[axp(-,V2« 
X»Ic(^.- V5«) — exp (y''/2^) 

x„,c(^+V^)], 

824.1,415 


0 < / 


2«V28 + ^0 L 

X erfc - V(28 + 

— exp (y V2,8 + />o) 

X erfc + V(2^ + j , 0 


,825^ 


^e-^%(az), 


^</| 
V 


f - - - - ■ [exp (- y V28 + p^ 


<i 


861 

j^e-^'C2afi’j(aO 

+ (1 + 2at)Io(at)J, 0 < t 

S54 

* By substituting (p^ — o) for pt, and taking the limit as o -*• 0. 
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\/^ ““P ( " ^ ^ O' + w) 

X«te(^ + Vw). 0<l 

809 





(Gontmued) 


Cause: Unit Step (0, 1) 
Effect: ^[Y{p)lp^ 


Cause: Unit Cisoid X Unit Step (0, 1) 
Effect: Sn[Y{p)l{p - ^)] 


exp 

602 




-</| 





0 </ 


553.1. 415 


erfc — exp (y Vx + X/) 
2\t 


>.erfc(i+A,), 0 


<t 




V^o/X 

exp (yVj>o) 

1 - V/)o/X 


1 


•exp (yVx + X<) 


811,415 


1 — ^o/X 
X.rfo(^+*-), 
812* 


0 </ 


hVx exp (y Vx + Xt) erfc 




0 < / 


^,,r exp (- yV^o) 

L 1 + V/>o/x 


X erfc 


X erfc 


\ 


(2^ 


/ 1 - V/)o/X 


jrVx 


SIS 


1 - /'o/X 

X exp (y Vx + XO erfc + V^;^, 


816^ 


0 <f 


«Vxc^‘ erfc Vx/, 


0 </ 


«Vx r /£o 

1 -po/xL^'X 


£^“' erf V^oi — ^e^»' 


551 


552* 


+ erfc Vx/j , 0 < / 


• By substituting [pa — n) for pt, and taking the limit ns o 0. 
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TABLE II 



26C 








- Co/iexp (y Vm + pO / 

e\ ^ t 


809 


CoJ^- Cope^'erfc 
» tI 


543 




574 


, ^,rexp(-y^ 
^CoPo^|_ i + Vpo//x 


0 </ 


= . 

+ c.^J^,‘’‘p(-f,) 

X exp (yV/i + pO erfc ’ 

A ^ ^ 


\r + — £?^i— r^e»«' - 

X erf - e^' erfcViL^ J , 
l54S * 


Po Ipo 

fi^ ft 


e"«‘ 


0 <i 


0 < 


* By substituting (po - a) for po, and taking the limit as o-* 0. 
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TABLE ri 






(Continued) 


Cause: Unit Step (0, 1) Cause: Unit Cisoid X Unit Step (0, 1) 

Effect: miY{p)lp] Effect: m[Y{p)l{p - fo)] 



* By substituiiriB (f>o — o) for ps, and taking the limit as a -*■ 0. 
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TABLE 11 

Seelion 2 


Admittance Y(p) 
Illustrative System 
Cause and Efect 


Cause Umt Impulse 
Effect SHlYip) 


' Sin rp 

I Ftow of electncity m tKm plane infinue| 
stnp axis of x along lower edge of strip 
of y across width of strip ^ r upper} 
ledge ly = r) maintained at aero potential 
ICause Potential along x axis Eflect 
[potential at point (x y) 


\2r cosh * — cos y 


cos xp 

[Same as 24 crcept upper edge (y ■ 
t insulated 


n \y cosh jx 


K(p)-exp («tp*) 

I Linear flow of heat in infinite solid 
diffusivity c axis of x in direction of flow , 
Cause Iiutial temperature Effect 
Temperature at time i at point x 




<-&) 


[rcp) » C09 m 

Transverse oscillations of infinite elasticl 
plate X and y axes in the plate tmt all! 
points with same y coordinate hiive same} 
displacement Cause Initial displace 
ment Effect Displacement perpen 
dicular to plate at tune / of point whose} 
coordinate is x 
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(Continued) 
Space Variable. 


Cause: Unit Step (— * 

Effect: ^n{Y{p)lPl ! 

3au5e:UnitCisoidXUnitStep (-5, +1) 
Effect 

1 , tanh \x. 

tanij. 


617. 415 


1 . sinh \x 

-tan"* . 1 ^, 

T sm 


618,415 


h erf - J- 
2Vw 

1 exp {dp^ + p,ix) erf + pa'^Kt^ 

727, 415 

728.1, 440 


\ exp {pax + itpo^) erf ^ + Pa'^it ^ 

+ \ exp {pox — ilp^) 

754, 415 

755.1, 440 
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(Continued) 

Cause: Unit Step + 1) 

• Effect: miY{p)lp'] 

Cause: Unit CisoidX Unit Step (— |, +|) 
Effect: ?/fC7(^)/(/>-^>o)3 

757, 415 



1 



1 , . X 

- tan-> -j— r 

»• bl 

633, 415 


^ 31 • of < ±* 

620, 415 

f ± cosh {atp^, ct < rfc » 

\ §e>’»* sinh {atpo), — at <x <at 

621.4. 440 
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0{> 

Same as 32 except Cause ln»tjal velocity 


Waves on deep water axis d y vertically 
upwards axis ol x in the surface density 
= p, gravity constant = g y = f> 
Cause Initial surface impulse along a 
axis Effect Velocity potential at time 
I at point (x y) 


3Sr(p)--11^8in(oV|7r) ' 

pVg I 

Same as 34, except Effect Surface eleva | 
tian at time t at point x \ 

35 FW - 

v|pI I 

Same as 34, except Cause Initial surface^ 
elevation 







TABtE n 
Section 3, 


1 


Cause: Unit Impulse 

Effect: Pi) 

3; 

Y(i>i,Pt) « cos lt(Pi* + ^1*)]] 

1 . s^ + y* 


Transverse oscillations of Infinite elastic 
plate, X and y axes in the plate. Cause' 
Initial displacement Effect* Displace- 
ment perpendicular to plate at time 1 ol 
point whose coordinates are x and y. 

7S9. 758 

it, 

V(Pi,#j) - wp (- iV!p,' + p;*i) 

1 s 

Ir (X**f>‘ + **r* 


Velocity potential function in aesm 

infinite incompressible fluid, x and } 

axes in surface of fluid, « extending 

down, s & 0 Cause Velocity potential 

at surface, s *> 0> Effect* Velocity pa 

Cential at point Or. y,s). 

S67. 91? 

39 

vr* exp (~sVlp,» + p^|) 

1 1 

V|f, + wl 

2r Vt' + y'-ftf 


Mewtonian potential funcdon in coni* 

infinite solid, x and y axes in face 0 

solid, s extending into solid, s^O 

Cause: Normal potential derivative at 

surface, s » 0. Effect: Potential at 
point (x, y, s). 

868. 918 






(Continued) 

Tvjo Space Variables. 


Cause; Unit Step (— f, + 1) 
Effrit: en^Bn^YiPu pi)l{pipi)l 




7S3; 754,415 


— tan-* — ;===== 
27r sVr' + j’ + s* 


+ s^ + y 

4t V*5 + 3-5 + s*-y 

+ -5L lor + + ^ 

45!- Va^ + 3»’ + r» --;e 

— — tan-* — 7==i== 
2*- sV** + / + 2* 



t This solution was obtained by double integration of the unit impulse solution, not by the 
operation indicated ;it the head of the column. The two pairs required for this operation have 
not yet been found in dosed form. 
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